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Flat Connetions and Brauer Type Algebras
Zhi Chen
Abstract
In this paper, we introdue a Brauer type algebra BG(Υ) assoiated with every pseudo
reetion group and every Coxeter group G. When G is a Coxeter group of simply-laed
type we show BG(Υ) is isomorphi to the generalized Brauer algebra of simply-laed type
introdued by Cohen, Gijsbers and Wales (J. Algebra, 280 (2005), 107-153). We also
prove BG(Υ) has a ellular struture and be semisimple for generi parameters when G is
a dihedral group or the type H3 Coxeter group. Moreover, in the proess of onstrution,
we introdue a further generalization of Lawrene-Krammer representation to omplex
braid groups assoiated with all pseudo reetion groups.
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1 Introduction
Brauer algebras Bn(τ) introdued by Brauer [Br℄ are ertain algebras onneted with rep-
resentation theory and knot theory. These algebras have natural deformations found by
Birman , Wenzl [BW℄ and by Murakami [Mu℄, whih are alled BMW algebras.
Like many objets related to Lie theory, Brauer algebras an be generalized to other
general reetion groups (here by a general reetion group we mean a Coxeter group or a
pseudo reetion group). In [Ha℄ Haring-Oldenburg introdued the Cylotomi Brauer al-
gebras and ylotomi BMW algebras assoiated with the G(m,1, n) type pseudo reetion
groups. Slightly later in [CGW1℄ Cohen, Gijsbers and Wales introdued a Brauer type al-
gebra and a BMW type algebra for eah simply laed Coxeter group. It is proved that these
new Brauer type algebras share many nie algebrai properties with Brauer algebras like
semisimpliity for generi parameters in Cohen-Frenk-Wales [CFW℄, supporting Cellular
strutures Cohen-Frenk-Wales op. it in the sense of Graham-Lehrer [GL℄. In [GH℄ Good-
man and Haushild introdued AÆne BMW algebras as a generalization of BMW algebras
to aÆne A^n type.
It is asked in Cohen-Gijsbers-Wales [CGW1℄ whether there exist Brauer type algebras
and BMW type algebras for non simply laed Coxeter groups. With the help of KZ on-
netions, we introdue in this paper a Brauer type algebra BG(Υ) for eah general reetion
group G . we also justify that the algebras is a suitable andidates for general Brauer type
algebra from the following aspets.
 If WΓ is a simply laed Coxeter group of type Γ , the algebra BWΓ (Υ) oinides with
the simply laed Brauer algebra of type Γ introdued in Cohen-Gijsbers-Wales ibid
(Denition 8.2, Theorem 8.4). if G is a type G(m,1, n) pseudo reetion group, the
ylotomi Brauer algebra introdued by Haring-Oldenberg in [Ha℄ appears as a diret
omponent of our algebra BG(Υ) (Theorem 8.6 ).
 When G is a nite pseudo reetion group (inluding all nite Coxeter groups), BG(Υ)
supports a niely shaped at onnetion on the omplementary spae of reetion
hyperplanes of G. Existene of suh a onnetion is a general phenomenon among
nite pseudo reetion groups Broue -Malle-Rouquier [BMR℄, and simply laed Brauer
algebras (Theorem 3.2, Theorem 5.3 ). These at onnetions insure in some sense
that BG(Υ) an be deformed to ertain BMW type algebras.
 Every BG(Υ) indues a generalized Lawrene-Krammer representation of the assoi-
ated omplex braid group AG (Theorem 5.2).
 When G is nite, BG(Υ) is a nite dimensional algebra ontaining CG (Theorem 5.1
). There exists a natural anti-involution in BG(Υ) (Lemma 5.5) whih may be used to
onstrut a ellular struture.
 When G is a dihedral group or a H3 type Coxeter group, the algebra BG(Υ) has a
ellular struture, and is semisimple for generi Υ (Setions 6-7).
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Before giving the denition, we set up some notations whih will be used throughout
this paper. Let G ⊂ U(V) be a nite pseudo reetion group. Denote by R the set of
pseudo reetions in G, and let A = {Hi}i∈P be the set of reetion hyperplanes. For s ∈ R,
dene i(s) ∈ P by requesting Hi(s) to be the reetion hyperplane of s. We also denote the
reetion hyperplane of s as Hs. Intersetion of a subset of A is alled an edge. The ation of
G on V indues an ation of G on A naturally. For i, j ∈ P, let R(i, j) = {s ∈ R | s(Hj) = Hi }.
For i ∈ P, let Gi be the subgroup of G onsisting of elements that xing Hi pointwise, let
mi = |Gi|, and let si be the unique element in Gi with exeptional eigenvalue e
2π
√
−1
mi
.
Set MG = V − ∪i∈PHi. For i ∈ P, hoose a linear funtion αi suh that Hi = kerαi
and dene ωi =
dαi
αi
, whih are holomorphi losed 1-forms on MG. We write s1 ∼ s2
for s1, s2 ∈ R if s1 and s2 are in the same onjugay lass, and write i ∼ j for i, j ∈ P if
w(Hi) = Hj for some w ∈ G. Chose 0 6= µs ∈ C for every s ∈ R and mi ∈ C for every
i ∈ P suh that µs1 = µs2 if s1 ∼ s2 , mi = mj if i ∼ j. The data {µs,mi}s∈R,i∈P will be
denoted by one symbol Υ. A well-known theorem by Steinberg says that G ats on MG
freely. We denote the group π1(MG/G), π1(MG) as AG,PG respetively, whih are alled
omplex braid groups and omplex pure braid groups by many authors.
The original model for above setting ame from the symmetri group Sn. First, Sn is
realized as a reetion group ating on Cn by permuting the basis elements, whose reetion
hyperplanes are {Hi,j = Ker (zi − zj)}1≤i<j≤n. Then MSn = Yn = {(z1, · · · , zn) ∈ Cn|zi 6=
zj for any i 6= j}, whih is the onguration spae of n dierent points on C. The dierential
form assoiated with Hi,j is
dzi−dzj
zi−zj
. The assoiated group AG is just the n string braid group
Bn.
For i 6= j we denote Hi ⋔ Hj if {k ∈ P | Hi ∩ Hj ⊂ Hk} = {i, j}. A odimension 2 edge
L will be alled a rossing edge if there exists i, j ∈ P suh that Hi ⋔ Hj and L = Hi ∩ Hj,
otherwise L will be alled a nonrossing edge.
Definition 1.1. The algebra BG(Υ) assoiated with pseudo reetion group (V,G) is
generated by the set {Tw}w∈G ∪ {ei}i∈P whih satises the following relations.
(0) Tw1Tw2 = Tw3 if w1w2 = w3.
(1) Tsiei = eiTsi = ei, for i ∈ P.
(1)
′
Twei = eiTw = ei, for w ∈ G suh that w(Hi) = Hi, and Hi ∩ Vw is a nonrossing
edge. Where Vw = {v ∈ V |w(v) = v}.
(2) e2i = miei .
(3) Twej = eiTw , if w ∈ G satises w(Hj) = Hi.
(4) eiej = ejei, if Hi ⋔ Hj .
(5) eiej = (
∑
s∈R(i,j) µsTs)ej = ei(
∑
s∈R(i,j) µsTs) , if Hi ∩Hj is a nonrossing edge, and
R(i, j) 6= ∅.
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(6) eiej = 0, if Hi ∩Hj is a nonrossing edge, and R(i, j) = ∅.
Eah one of these relations an be thought of as generalization of ertain relation in
the Brauer algebra Bn(τ). Relation (4) is the generalization of ei,jek,l = ek,lei,j for dierent
i, j, k, l, where ei,j is explained in the following Figure 1. Relation (6) an be seen as a speial
ase of relation (5), they are generalizations of the relation ei,jej,k = si,kej,k = ei,jsi,k in Bn(τ).
Where si,j is the (i, j) permutation. Relation (1)
′
resembles relation (o) in Denition 2.1 of
ylotomi Brauer algebras. Motivation of introduing these algebras is as follows.
21 i j n
... ... ...
e i,j
1 2 i j n
Figure 1: The element ei,j
It is well-known that the group algebras of Coxeter groups and pseudo reetion groups
have deformations alled Heke algebras. It is possibly less well-know that for any nite
Coxeter group or any pseudo reetion group, the innitesimal deformation to the orre-
sponding Heke algebra an be desribed by a KZ onnetion with nie shape Cherednik
[Che℄ Broue -Malle-Rouquier [BMR℄.
When G is a nite Coxeter group, the KZ onnetion ΩG ( Ω
′
G ) desribing deformation
of G to the G-type Heke algebra with equal parameter HG(q) (G-type Heke algebra with
unequal parameters HG(q)) is:
ΩG = κ
∑
i∈P
siωi, Ω
′
G =
∑
i∈P
κisiωi, (1)
where κ, κi's are onstants suh that κi = κj if i ∼ j. ΩG is a formal onnetion on MG.
Suppose (U, ρ) is any representation of G. Then ΩG gives a G-invariant, at onnetion
ρ(ΩG) = κ
∑
i∈P ρ(si)ωi on the bundle MG×U, whih further indues a at onnetion on
the quotient bundle MG×G U whose monodromy representation fators through HG(q) for
suitable q. As a speial ase, the KZ onnetion for symmetri group Sn is
Ωn = κ
∑
1≤i<j≤n
si,j
dzi − dzj
zi − zj
. (2)
The KZ onnetion for a pseudo reetion group G has the form:
ΩG =
∑
i∈P

 ∑
s: i(s)=i
µss

ωi, (3)
where µs are onstants suh that µs = µs ′ if s ∼ s
′
. It plays an important role in Broue -
Malle-Rouquier [BMR℄ in onstrution of the generalized Heke algebras for pseudo reetion
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groups (see also Ariki-Koike [AK℄). Note that in above onnetions the operator terms ome
from pseudo reetion group, the atness and G-equivariane ome from relations in G.
Now the Brauer algebra Bn(τ) has also a natural deformation Bn(τ, l), the BMW algebra.
In [Ma1℄, the following at formal onnetion supported by Bn(τ) was implied :
Ωn = κ
∑
1≤i<j≤n
(si,j − ei,j)ωi,j.
Where si,j is the (i, j) permutation, ei,j is the element desribed by above Figure 1. This
onnetion
Ωn is at and Sn-equivariant (Proposition 4 of [Ma1℄, see also Proposition 3.1
). Marin also proved if (U, ρ) is any representation of Bn(τ),then the Sn−invariant, at
onnetion ρ( Ωn) on the bundle MSn ×U indues a at onnetion on the quotient bundle
MSn ×Sn U, whose monodromy representation fator through the BMW algebra Bn(τ, l) for
suitable τ, l (Proposition 4 of [Ma1℄, see also Theorem 3.2 ). So the onnetion Ωn an be
seen as the KZ onnetion for Bn(τ).
Later we will show (Theorem 5.3 ) the deformation of a simply laed Brauer algebra
BΓ (m) to the simply laed BMW algebra an be desribed by a at onnetion
ΩΓ = κ
∑
i∈P
(si − ei)ωi, (4)
where {ei}i∈P ⊂ BΓ(m) is a set of semi-idempotents (by a semi-idempotent we mean elements
x satisfying x2 = λx ) in one-to-one orrespondene with P, the set of reetion hyperplanes.
Suppose Γ is any nite type Dynkin diagram, Denote by WΓ the Coxeter group of type
Γ . Now we present a bold but reasonable hypothesis about the general Brauer type algebra
BWΓ (Υ): BWΓ (Υ) an be deformed to ertain BMW type algebra and the deformation an
be desribed by a niely shaped KZ onnetion
ΩΓ on MWΓ .
The most natural form of the onnetion
ΩΓ is as equation (4). When the set of re-
etions in WΓ ontain more than one onjugay lass, in view of the onnetion Ω
′
Γ in
Equation (1), the KZ onnetion assoiated with BWΓ (Υ) should have a more general form
ontaining more parameters. Thus we make the following hypothesis about BWΓ (Υ).
Hypothesis 1. BWΓ (Υ) ontains the group algebra CWΓ and a set of semi-idempotents
{ei}i∈P, suh that the formal onnetion ΩΓ =
∑
i∈P κi(si−ei)ωi is at andWΓ -invariant,
where {ki}i∈P is a set of onstant numbers suh that ki = kj if i ∼ j. More over, BWΓ (Υ)
is generated by WΓ ∪ {ei}i∈P.
More generally for a pseudo reetion group G, we assume the algebra BG(Υ) should
also ontain CG and a set of speial elements {ei}i∈P, suh that the formal onnetion
ΩG =
∑
i∈P(
∑
s:i(s)=i µss − ei)ωi is at and G-invariant. The shape of
ΩG is also inspired
by the generalized Lawrene-Krammer representation of AG dened later.
By Theorem 3.1 in Kohno [Ko1℄, we an derive some algebrai relations between R ∪
{ei}i∈P from atness and G-invariane of ΩG. But these relations are not enough to produe
the Brauer type algebra we want.
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Annother ommon feature of simply laed BMW algebras as proved in Cohen-Gijsbers-
Wales [CGW1℄ is that they all ontain the generalized Lawrene-Krammer representations of
simply laed Artin groups introdued by Cohen-Wales [CW℄ and Digne [Di℄. Reently Marin
[Ma2℄ introdued a generalized Lawrene-Krammer representations of AG for any omplex
reetion group G (in this paper we use the phrase 'omplex reetion group ' to denote
those pseudo reetion groups all of whose pseudo reetions have degree two). In setion
4 we introdue a slightly further generalization of the Lawrene-Krammer representation
to AG for eah pseudo reetion group G. The idea is as follows. Let VG = C{vi}i∈P be a
vetor spae with a basis in one-to-one orrespondene with {Hi}i∈P. Ation of G on {Hi}i∈P
indues a natural representation ι : G→ End(VG).
From Marin's work [Ma3℄ we see that the simply laed type Lawrene-Krammer repre-
sentations an be desribed by ertain at, G−invariant onnetion
ΩLK = κ
∑
i∈P
(ι(si) − pi)ωi (5)
on the bundle MG × VG. Where si ∈ R is the unique pseudo reetion having Hi as its
reetion hyperplane. We observe that for any i the map pi ∈ End(VG) is a projetor to
the line Cvi ⊂ VG. It inspires us to onsider a speial kind of onnetion on the bundle
MG × VG for any pseudo reetion group G:
ΩLK =
∑
i∈P

 ∑
s: i(s)=i
µsι(s) − pi

ωi
where µs's are onstants suh that µs = µs ′ if s ∼ s
′
. And pi ∈ End(VG) is a projetor to
the line Cvi ⊂ VG for any i. Expliitly suppose pi(vj) = αi,jvi(j 6= i) and pi(vi) = mivi.
Then we have
Theorem 4.2 The onnetion ΩLK is at and G-equivariant if and only if the fol-
lowing two onditions hold: a) αi,j =
∑
s:ι(s)(vj)=vi
µs; b) mi = mj if i ∼ j .
When ΩLK satisfy the onditions in Theorem 4.2, it indues a at onnetion ΩLK on the
quotient bundle MG ×G VG. We dene the generalized Lawrene-Krammer representation
of AG as the monodromy representation of ΩLK. When G is a omplex reetion group, and
µs = 1 for all s, the onnetion ΩLK beomes the at onnetion of Marin [Ma2℄.
Now suppose {pi}i∈R ⊂ End(VG) satisfy onditions in Theorem 4.2. It is proved in
Cohen-Gijsbers-Wales [CGW1℄ that every simply laed BMW algebra ontain a generalized
Lawrene-Krammer representation, just as the ase of braid groups in Zinno [Z℄. This
fat an be explained in innitesimal level in the following sense. Dening a map φ :
WΓ ∪ {ei}i∈P → End(VG) by φ(w) = ι(w) for w ∈ WΓ ; φ(ei) = pi for i ∈ P, then φ an be
extended to a representation BΓ(τ)→ End(VG).
Regarding to these fats we make another hypothesis about BG(Υ):
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Hypothesis 2. For any pseudo reetion group G, the map w 7→ ι(w) for w ∈ G;
ei 7→ pi for i ∈ P an be extended to a representation BG(Υ). Where we suppose Pi
satisfy onditions in above Theorem 4.2.
Now we searh if there exist suitable relations between G and {ei}i∈P suh that the
resulted algebra BG(Υ) satisfy Hypotheses 1 and 2. As a result we nd there do exists one,
the algebra dened in Denition 1.1 satisfy these two onditions quite niely.
Proposition 5.1 The onnetion ΩG =
∑
i∈P(
∑
s:i(s)=i µsTs − ei)ωi are at and G-
invariant. Where Ts, ei are as in Denition 1.1.
Theorem 5.2 Using notations in setion 4. The map w 7→ ι(w), ei 7→ pi extends a
representation BG(Υ)→ End(VG).
In fat we believe it is the best hoie. There are two other slightly dierent hoies:
take o the relation (1)
′
or weaken relation (6). In the last setion we explain some reason
of hoosing Denition 5.1.
In setion 8 we show that there exist anonial presentations for BG(Υ) when G is a nite
Coxeter group or a type G(m,1, n) pseudo reetion group. (Denition 8.1, Denition 8.2,
Theorem 8.4 ). They an be seen a generalization of the presentation for simply laed
Brauer algebras in [CFW℄. Denition 8.2 an be naturally generalized to the ases when G
is an innite type Coxeter group (Remark 8.1). In a anonial presentation eah node i of
the Dynkin diagram orresponds to a pair of generators {si, ei}. Thus in ases of G(m,1, n)
type we have one more generator e0 than in the anonial presentation of ylotomi Brauer
algebras Bm,n(σ). It is this new generator e0 that making BG(Υ) slightly larger than Bm,n(σ)
(Theorem 9.1). Through anonial presentations we see immediately that BG(Υ) oinides
with the simply laed Brauer algebra of [CGW1℄ if G is a simply laed type Coxeter group.
These anonial presentations may be helpful to dene new BMW type algebras, whih will
be disussed in a future paper.
Setion 6 and 7 are devoted to show these new algebras for non simply laed Dynkin dia-
grams are indeed interesting objets by nding some nie algebrai properties of them.Conretely
they are: (SEM) semisimple for generi parameters; (CEL) having ellular strutures;
(DEF) deformability and (STA) dimension stability (having the same dimension for any
parameters Υ ). Beause of limitations of spaes in this paper we only study in detail the
ases when G is a dihedral group or the H3 type Coxeter group.
When G is one of above mentioned ases, we prove that BG(Υ) satises (SEM), (CEL)
and (STA) and write down the ondition for BG(Υ) to be semisimple . Through the study
of the H3 ase we nd for the H3 type Artin group three new 15 dimensional irreduible rep-
resentations exept for the generalized Lawrene-Krammer representation, and one new 5
dimensional irreduible representation. All of these representations have lear ombinatorial
meaning, they are related to two kinds of natural ations of WH3 on ertain sets. We be-
lieve that the existene of the KZ onnetions supports the property (DEF) for every BG(Υ).
Acknowledgements I would like to thank Toshitake Kohno for teahing me KZ equations,
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2 Preliminaries
2.1 Brauer type algebras and BMW type algebras
Brauer algebra Bn(τ) is a graphi algebra in the sense that it has a basis onsisting of
elements presented by graphs, and the relations between them an be desribed through
graphs. Bn(τ) has a anonial presentation with generators s1, · · · , sn−1, e1, · · · , en−1 and
relations listed in table 1. Bn(τ) has a natural deformation disovered by Birman, Murakami,
Wenzl whih are now alled BMW algebras [BW℄ [Mu℄. These algebras support a Markov
trae whih gives the Kauman polynomial invariants of Links. We denote these BMW
algebras as Bn(τ, l). Where l is a parameter of deformation. There is Bn(τ) ∼= Bn(τ, 1).
We list generators and relations of Bn(τ) and Bn(τ, l) in the following table aording to
[CGW1℄. Where m = l−l
−1
1−τ
.
The struture of Brauer algebras and BMW algebras are studied extensively in last 20
years. See for example [W℄ [RH℄. They have the following basi properties.
Theorem (Wenzl) Let the ground ring be a eld of harater 0, then Bn(τ) is semisimple
if and only if τ /∈ Z or τ ∈ Z and τ > n.
TABLE 1. Presentation for Bn(τ).
Bn(τ) Bn(τ, l)
Generators s1,· · · ,sn−1;e1 ,· · · ,en−1 X1 , · · · ,Xn−1; E1 ,· · · ,En−1
Relations sisi+1si = si+1sisi+1 XiXi+1Xi = Xi+1XiXi+1
for1 ≤ i ≤ n − 2; for1 ≤ i ≤ n− 2 ;
sisi−1ei = ei−1sisi−1 XiXi−1Ei = Ei−1XiXi−1
for2 ≤ i ≤ n − 1; for2 ≤ i ≤ n− 1;
sisi+1ei = ei+1sisi+1 XiXi+1Ei = Ei+1XiXi+1
for1 ≤ i ≤ n − 2; for1 ≤ i ≤ n− 2;
sisj = sjsi ,|i− j| ≥ 2; XiXj = XjXi, |i − j| ≥ 2 ;
s2i = 1, for all i; l(X
2
i +mXi − 1) = mEi, for all i;
siei = ei, for all i; XiEi = l
−1Ei, for all i;
eisi+1ei = ei, 1 ≤ i ≤ n − 2; EiXi+1Ei = lEi, 1 ≤ i ≤ n − 2;
eisi−1ei = ei, 2 ≤ i ≤ n − 1 ; EiXi−1Ei = lEi, 2 ≤ i ≤ n − 1;
siej = ejsi, |i − j| > 1; XiEj = EjXi, |i − j| > 1;
e2i = τei, for all i. E
2
i = τEi .
Semisimpliity ondition for any groundrings is obtained by Rui [RH]. Many algebras
related to Lie theory have ellular strutures in the sense of Graham and Lehrer [GL]. We
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reall the denition of a ellular struture (ellular algebra). In the same paper Graham and
Lehrer proved Brauer algebras support ellular strutures. Similar result for BMW algebras
are proved by Xi [Xi2].
Definition (Graham, Lehrer)[15] A ellular algebra over R is an assoiative algebra A,
together with ell datum (Λ,M,C, ∗) where
 (C1) Λ is a partially ordered set and for eah λ ∈ Λ ,M(λ) is a nite set suh thatC :
∩λ∈ΛM(λ)×M(λ)→ A is an injetive map with image an R-basis of A.
 (C2) If λ ∈ Λ and S, T ∈ M(λ), write C(S, T) = CλS,T ∈ A. Then ∗ is an R-linear
anti-involution of A suh that ∗(CλS,T ) = CλT,S.
 (C3) If λ ∈ Λ and S, T ∈M(λ) then for any element a ∈ A we have
aCλS,T ≡
∑
S
′∈M(λ) ra(S
′
, S)Cλ
S
′
,T
(modA(< λ))
Where ra(S
′
, S) ∈ R is independent of T and where A(< λ) is the R-submodule of A
generated by {C
µ
S
′′
,T
′′ |µ < λ; S
′′
, T
′′ ∈M(µ)}..
The ylotomi Brauer algebras Bm,n(δ) of Haring-Oldenburg has the following presen-
tation. (borrowed from [RX])
Definition 2.1. The algebra Bm,n(δ) is generated by a set {si, ei}1≤i<n ∪ {tj}1≤j≤n with
the following relations.
a)s2i = 1, for 1 ≤ i ≤ n. k)eisi = ei = siei, for 1 ≤ i ≤ n− 1.
b)sisj = sjsi, if |i− j| > 1. l)siei+1si = si+1ei, for 1 ≤ i ≤ n − 2.
c)sisi+1si = si+1sisi+1, for 1 ≤ i < n − 1. m)ei+1eisi+1 = ei+1si,
d)sitj = tjsi, if j 6= i, i+ 1. for1 ≤ i ≤ n− 2.
e)e2i = δ0ei, for 1 ≤ i < n. n)eiejei = ei, if |i− j| = 1.
f)siej = ejsi, if |i− j| > 1. o)eititi+1 = ei = titi+1ei,
g)eiej = ejei, if |i− j| > 1. for 1 6= i < n.
h)eitj = tjei, if j 6= i, i+ 1. p)eitai ei = δaei, for 1 ≤ a ≤ m− 1
i)titj = tjti, for 1 ≤ i, j ≤ n. 1 ≤ i ≤ n − 1.
j)siti = ti+1si, for1 ≤ i < n. q)tmi = 1, for 1 ≤ i ≤ n.
The subset of generators {si}1≤i<n ∪ {tj}1≤j≤n together with relations (a),(b),(),(d),(i),
(j),(q) generate the ylotomi reetion group of type G(m,1, n) whose group algebra is
imbedded in Bm,n(δ). The original paper [Ha] dene more ompliated ylotomi BMW
algebra, where the generators and relations an be represented by graphs also. These al-
gebras have many properties parallel with Brauer algebras. In [RX], the authors proved
they are semisimple and lassied their irreduible representations under ertain generi
onditions. By Goodman in [Go] and by Yu in [Yu] independently, Bm,n(δ) are shown to
have ellular strutures.
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Finite type simply-laed Dynkin diagram onsists of ADE type Dynkin diangrams. For
every suh Dynkin diagram Γ , the following table are presentation for algebra BΓ (τ) and
algebra BΓ(τ, l) dened in [CGW1]. When Γ is An−1, it is straightforward to see they
oinide with Bn(τ) and Bn(τ, l) respetively. Let I be the set of nodes of Γ . When i, j ∈ I
are onneted by an edge we write i ∼ j. Otherwise we write i ≁ j. Set m = l−l
−1
1−τ .
The simply laed Brauer algebras have no graph to representing their elements any more,
but they have almost all important algebrai properties of Brauer algebras. In [CFW] the
authors proved when Γ is nite ADE type, these algebras BΓ (τ) are free module over Z[τ
±1],
and be semisimple after tensored with Q(τ).
TABLE 2. Presentation for BΓ (τ).
BΓ(τ) BΓ(τ, l)
Generators si(i ∈ I); ei(i ∈ I) Xi(i ∈ I) ; Ei(i ∈ I)
Relations sisjsi = sjsisj, if i ∼ j ; XiXjXi = XjXiXj, if i ∼ j;
sisjei = ejsisj if i ∼ j; XiXjEi = EjXiXj if i ∼ j;
sisj = sjsi ,if i ≁ j; XiXj = XjXi, if i ≁ j ;
s2i = 1, for all i; l(X
2
i +mXi − 1) = mEi, for all i;
siei = ei, for all i; XiEi = l
−1Ei, for all i;
eisjei = ei, if i ∼ j; EiXjEi = lEi, ifi ∼ j;
siej = ejsi, if i ≁ j; XiEj = EjXi, ifi ≁ j;
e2i = τei, for all i. E
2
i = τEi .
2.2 Pseudo reflection groups, Complex braid groups and Hecke algebras
Let V be a omplex linear spae. An element s in GL(V) is alled a pseudo reetion if it an
be presented as diag(ξ, 1, · · · , 1) under some basis of V , where ξ is a root of unit. We all
ξ as the exeptional eigenvalue of s. If ξ is −1 then s is simply alled a reetion. A nite
group G ⊂ GL(V) is alled a pseudo reetion group if it is generated by pseudo reetions.
If G is generated by reetions then we all it a omplex reetion group. When V is
an irreduible representation of G, (V,G) is alled an irreduible pseudo reetion group.
Every pseudo reetion group is isomorphi to diret produt of some irreduible fators.
Isomorphism lass of irreduible pseudo reetion groups are lassied by Shephard-Todd
[ST℄. They onsists of an innite family { G(m,p,n) } ( n ≤ 1,m ≤ 2 ,p|m ) and 34
exeptional ones.
For a pseudo reetion group (V,G) we assume notations in setion 1. Denote π1(MG)
as PG, then there is an exat sequene: 1→ PG → AG → G→ 1.
By Ariki, Koike in [AK℄ and by Broue-Malle-Rouquier in [BMR℄, there exists a Heke
algebra HG(λ) assoiated with any pseudo reetion group G, where λ is a set of parameters.
The Heke algebra HG(λ) is a quotient algebra of the group algebra CAG. For most G's, we
have dimHG(λ) = |G|, and this relation is a onjeture for other ases. For some G's and
for generi
λ, HG(λ) is a semisimple algebra whose irreduible representations are in one to
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one orrespondene with those of G in a natural way. This orrespondene an be desribed
by the following KZ onnetion.
Suppose {µs}s∈R is a set of onstants satisfying the ondition: µs1 = µs2 if s1 is onjugate
to s2. Here for simpliity we hoose a onnetion with slightly dierent appearane from
[BMR℄.
Proposition 2.1 (Broue -Malle-Rouquier [BMR℄). The formal onnetion
ΩG =
∑
i∈P
(
∑
s∈R,i(s)=i
µss)ωi
on MG × CGis at and G- invariant.
Now suppose ρ : G→ GL(U) is a representation of G on a omplex linear spae U. The
group G ats on the bundle MG × U as: g(p, u) = (g · p, ρ(g)(u)) for g ∈ G, p ∈ MG
and u ∈ U. The quotient spae MG × U/G beome a linear bundle over MG/G naturally,
and it will be denoted as MG ×G U. Now suppose Ω =
∑
i∈P Xiωi is a onnetion on
MG × U, where Xi ∈ End(U) for any i. Here is the ondition for Ω to indue a onnetion
on MG ×G U. See setion 4 of [BMR℄ for some bakgrounds about onnetions.
Proposition 2.2. The onnetion Ω indue a onnetion on MG ×G U if :
ρ(w)Xiρ(w)
−1 = Xw(i) for any w ∈ G and i ∈ P.
When the ondition in above proposition is satised, we all Ω as a G-invariant onne-
tion. Suppose (E, ρ) is a linear representation of G . By above proposition
ρ(ΩG) = κ
∑
i∈P
(
∑
s∈R,i(s)=i
)µsρ(s)ωi
denes a at onnetion on the bundle MG × E. It indues a at onnetion Ωρ on the
quotient bundle MG×GE beause of G-invariane of ρ(ΩG). By taking monodromy a family
of representations of AG parameterized by (κ, µs) are obtained. It is proved in [BMR℄ that
for generi κ these monodromy representations fator through HG(λ) for suitable λ.
The following theorem from Marin [Ma2℄(Theorem 2.9 ) will be used in the following
setions. Let G ⊂ GL(V) be a pseudo reetion group. Let A, P, ωi,MG, PG, AG be dened
as in Setion 1. Suppose I ⊂ V be a omplex line. The maximal paraboli subgroup G0 of
G assoiated with I is the subgroup of G formed by elements whih stabilize I pointwise.
By Steinberg's theorem, G0 is generated by reetions R0 of G whose reeting hyperplane
ontains I. We set A0 = {Hi ∈ A|I ⊂ Hi}, and P0 = {i ∈ P|I ⊂ Hi}. Let M0 = V − ∪i∈P0Hi.
Sine G0 is a pseudo reetion group, it has assoiated braid group AG0 and pure braid
group PG0 . It is lear we have identiations: PG0
∼= π1(M0), AG0
∼= π1(M0/G0). Following
[BMR℄, PG0 and AG0 an be imbedded into PG and AG in the following way, whose image
are alled maximal paraboli subgroup of PG, respetively AG.
We endow V with a G-invariant unitary form and denote the assoiated norm as ‖ ‖.
Let x1 ∈ I suh that x1 /∈ H for any H ∈ A \A0. There exists ǫ > 0 suh that, for all x ∈ V
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with ‖ x − x1 ‖≤ ǫ we have x /∈ H for all H ∈ A \ A0. Let D = {x ∈ V | ‖ x − x1 ‖≤ ǫ}.
It is easy to see the natural morphism π1(MG ∩ D) → π1(M0) is an isomorphism, hene
the natural inlusion π1(MG ∩D) → π1(MG) denes an embedding PG0 → PG. Sine D is
setwise stabilized by G0, this embedding extends to an embedding AG0 → AG. It is proved
in [BMR℄ that suh embeddings are well-dened up to PG-onjugation.
Now suppose on a bundle MG × E there is a at onnetion Ω = κ
∑
i∈P Xiωi. Denote
the monodromy representation of PG resulted from Ω as ρ. If Ω is G-invariant, denote the
monodromy representation of AG resulted from Ω as ~ρ. Looking PG0 , AG0 as paraboli
subgroups of PG, AG, we obtain representations of PG0 and AG0 by restrition of ρ and ~ρ
respetively. On the other hand, we dene a onnetion on M0: Ω0 = κ
∑
i:I⊂Hi Xiωi. An
simple disussion by using Theorem 3.1 of Setion 3 shows Ω0 is also at. We denote the
monodromy representation of PG0 resulted from Ω0 as ρ0. When Ω is G-invariant, then Ω0
is G0-invariant. In these ases we denote the monodromy representation of AG0 resulted
from Ω0 as ~ρ0. The following theorem is proved in Marin [Ma2℄ (Theorem 2.9).
Theorem 2.1. For generi κ, the PG0 representation ρ0 is isomorphi to the restrition
of ρ. When Ω is G-invariant, the AG0 representation ~ρ0 is isomorphi to the restrition
of ~ρ.
3 Flat connections for BMW algebras
We begin with some knowledge for hyperplane arrangements. Let E be a omplex linear
spae. An hyperplane arrangement (or arrangement simply ) in E means a nite set of
hyperplanes ontained in E. Let A = {Hi}i∈I be an arrangement in E, we denote the
omplementary spae E − ∪i∈IHi as MA. Intersetion of any subset of A is alled an edge.
If L is an edge of A, dene AL = {Hi ∈ A|L ⊂ Hi} = {Hi} and IL = {i ∈ I|L ⊂ Hi}.
For every i ∈ I, hose a linear form fi with kernel Hi. Set ωi = d log fi, whih is a
holomorphi losed 1-form on MA. Consider the formal onnetion Ω = κ
∑
i∈I Xiωi. Here
Xi are linear operators to be determined. When we take Xi's as endomorphisms of some
linear spae E, then Ω is realized as a onnetion on the bundle MA × E. We have the
following theorem of Kohno.
Theorem 3.1 (Kohno [Ko1℄). The formal onnetion Ω is at if and only if:
[Xi,
∑
j∈IL Xj] = 0 for any odimension 2 edge L of A,and for any i ∈ IL. Where
[A,B] means AB− BA.
The following lemma an be proved diretly by using graphs.
Lemma 3.1. In the Brauer algebra Bn(τ), let si,j ∈ Sn ⊂ Bn(τ) be (i, j) permutation.,
let ei,j be as in introdution. we have
(1) ei,jsk,l = sk,lei,j if {i, j} ∩ {k, l} = ∅;
(2) ei,jek,l = ek,lei,j if {i, j} ∩ {k, l} = ∅;
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(3) ei,j = ej,i;
(4) ei,jei,k = sj,kei,k = ei,jsj,k ,for any dierent i, j, k;
(5) e2i,j = τei,j , for any i 6= j;
(6) si,jej,k = ei,ksi,j.
For 1 ≤ i < j ≤ n− 1, dene ωi,j = d(zi − zj)/(zi − zj). Consider the formal onnetion
Ωn = κ
∑
i<j(si,j − ei,j)ωi,j. We have
Proposition 3.1 (Marin[Ma1℄). The formal onnetion Ωn is at and Sn invariant.
Proof. We ertify
Ωn satises onditions of theorem 3.1. For the arrangement An,there are
then following two type of odimension 2 edges
Case 1. L = Hi,j ∩Hk,l, {i, j} ∩ {k, l} = ∅.
Whene AL = {Hi,j, Hk,l}. Now we have sa,bsc,d = sc,dsa,b and ea,bec,d = ec,dea,b if
{a, b} ∩ {c, d} = ∅. They are most easily seen by using graphs. so [si,j − ei,j, sk,l − ek,l] = 0.
Whih gives [si,j − ei,j, si,j − ei,j + sk,l − ek,l] = 0 = [sk,l − ek,l, si,j − ei,j + sk,l − ek,l].
Case 2. L = Hi,j ∩Hj,k, where i, j, k are dierent. In this ase AL = {Hi,j, Hj,k, Hi,k},
[si,j − ei,j, si,k − ei,k + sj,k − ej,k]
=[si,j, si,k + sj,k] + (−ei,jsi,k + ei,jej,k) + (si,kei,j − ej,kei,j)
+(−ei,jsj,k + ei,jei,k) + (sj,kei,j − ei,kei,j) + [si,j,−ei,k − ej,k]
=(−ei,jsi,k + ei,jej,k) + (si,kei,j − ej,kei,j)
+(−ei,jsj,k + ei,jei,k) + (sj,kei,j − ei,kei,j) + [si,j,−ei,k − ej,k]
=(−ei,jsi,k + ei,jej,k) + (si,kei,j − ej,kei,j) + (−ei,jsj,k + ei,jei,k)
+(sj,kei,j − ei,kei,j) = 0.
The seond equality is beause si,jsi,k + si,jsj,k = sj,ksi,j + si,ksi,j. For the third equality
use Lemma 3.1, (6). For the fourth equality use lemma 3.1, (4). G-invariane of Ωn is
evident.
Let (E, ρ) be a nite dimensional representation of Bn(m). By proposition 3.1, the
onnetion
ρ( Ωn) = κ
∑
i<j
(ρ(si,j) − ρ(ei,j))ωi,j
indue a at onnetion on the bundle Yn×Sn E, whih is a linear bundle on Xn. Denote the
resulted monodromy representation of π1(Yn/Sn) ∼= Bn as ρ. The following theorem an be
found in [Ma1℄.
Theorem 3.2 (Marin[Ma1℄). For generi κ, the monodromy representations ρ of Bn
onstruted above fator through Bn(τ, l), for τ =
q1−m−qm−1+q−1−q
q−1−q
, l = qm−1. Where
q = exp κπ
√
−1.
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4 Generalized Lawrence-Krammer Representations
The Lawrene-Krammer representations and their generalizations play a signiant role in
the theory of braid groups and Artin groups. See Krammer [Kr℄, Bigelow [Bi℄, Cohen and
Wales [CW℄, Digne [Di℄,Paris [Pa℄ and Marin [Ma2℄ [Ma3℄. Sine this paper onentrate on
innitesimal level, we majorly refer to [Ma2℄ [Ma3℄.
Let V be a n-dimensional omplex linear spae. Let G ⊂ U(V) be a omplex reetion
group. Let R be the set of reetions in G. We use notations in setion 2.2.
The generalized LK representations of AG of Marin are desribed by ertain at onne-
tions as follows. First, for every Hs, we have a losed 1-form ωs on MG as in setion 2.2.
Then let VG = C〈vs〉s∈R be a omplex linear spae with a basis indexed by R. For every
pair of elements s, u ∈ R, dene a nonnegative integer α(s, u) = #{r ∈ R|rur = s}. Chose a
onstant m ∈ C. For any s ∈ R, dene a linear operator ts ∈ GL(VG) as follows:
ts · vs = mvs, ts · vu = vsus − α(s, u)vs for s 6= u.
Chose another onstant k ∈ C. Dene a onnetion ΩK =
∑
s∈R k · tsωs on the trivial
bundle VG ×MG.
Theorem and Definition (Marin[Ma2℄) The onnetion ΩK is at and G-invariant.
So it indue a at onnetion
ΩK on the quotient bundle MG ×G VG. The generalized
LK representation for AG is dened as the monodromy representation of ΩK.
We denote the generalized Krammer representation as (VG, ρκ,m). When (G,V) is the
reetion group WΓ of ADE type, they were rst onstruted in [CW℄ by Cohen, Wales and
by Digne in [Di℄. They are proved to fator through BMW algebras in [CGW1℄.
Theorem 4.1 (Marin [Ma1℄ ). The generalized Krammer representation (VG, ρκ,m)fator
through the generalized BMW algebra BΓ (τ, l) with τ =
qm−q−m+q−1−q
q−1−q
and l = q−m.
Where q = eκπ
√
−1
.
For later onveniene we hange notations slightly. For s ∈ R, we dene ps : VG → VG
by
ps(vs) = (1 −ms)vs, ps(vu) = α(s, u)vs for u 6= s.
We also dene ι : G → Aut(VG) by ι(w)(vs) = vwuw−1. Then ps is a projetor to the
omplex line Cvs. And Marin's at onnetion ΩK is written as
∑
s∈R k · (ι(s) − ps)ωs.
A Further Generalization Let V be a n-dimensional omplex linear spae. Let G ⊂ U(V)
be a nite pseudo reetion group(not only omplex reetion group). We dene P, R,A
for G as in Setion 1. For s ∈ R, denote the reetion hyperplane of s as Hs. Dene
VG = C < vi >i∈P. Sine w(Hv) is annother reetion hyperplane for any w ∈ G and v ∈ P,
there is an ation of G on P whih indue a representation ι : G → Aut(VG). Expliitly
w(i) is dened by Hw(i) = w(Hv). For i ∈ P, let pi : VG → VG be a projetor to Cvi whih
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is written as:
pi(vi) = mivi, pi(vj) = αi,jvi.
As in Setion 1 let {µs}s∈R be a set of nonzero onstants suh that: µs1 = µs2 if s1 is
onjugate to s2 in G. Dene a funtion i : R→ P suh that Hi(s) is the reetion hyperplane
of s for any s ∈ R. Consider a onnetion ΩLK on the trivial bundle MG × VG whih have
the form ∑
i∈P
(
∑
s:i(s)=i
µsι(s) − pi)ωi.
Theorem 4.2. The onnetion ΩLK is at and G-equivariant if and only if the the
following onditions are satised:
(1) mi = mj if there is w ∈ G suh that ι(w)(vi) = vj.
(2) αi,j =
∑
s:ι(s)(vj)=vi
µs.
Proof. First we suppose ΩLK is a at, G-equivariant onnetion. By Proposition 2.2 we
have,
ι(w)(
∑
s:i(s)=i
µsι(s) − pi)ι(w)
−1 =
∑
s:i(s)=w(i)
µsι(s) − pw(i).
By ondition of the set {µs}s∈R, above identity is equivalent to ι(w)piι(w)−1 = pw(i), whih
implies mi = mw(i).
Let L be any odimension 2 edge of the arrangement A. Let Hi1 , · · · , HiN be all the
hyperplanes in A ontaining L. By theorem 3.1, atness of ΩLK implies :
[
∑
s:i(s)=ia
µsι(s) − pia ,
N∑
v=1
(
∑
s:i(s)=iv
µsι(s) − piv)] = 0. (6)
for 1 ≤ a ≤ N. Without losing generality suppose a = 1. It is equivalent to the following
identity beause by Proposition 2.1, the sum of those terms ontaining no pi is zero.
[pi1 ,
N∑
v=1
(
∑
s:i(s)=iv
µsι(s) − piv)] + [
∑
s:i(s)=i1
µsι(s),
N∑
v=1
piv)] = 0. (7)
Now for those s suh that i(s) = i1 we have {s(i1), · · · , s(iN)} = {i1, · · · , iN}. So we have:
[
∑
s:i(s)=i1
µsι(s),
N∑
v=1
piv)] =
∑
s:i(s)=i
µs
N∑
v=1
(ι(s)piv − pivι(s))
=
∑
s:i(s)=i
µs
N∑
v=1
(ps(iv)ι(s) − pivι(s))
= 0.
(8)
So the identity (7) is equivalent to:
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[pi1 ,
N∑
v=1
(
∑
s:i(s)=iv
µsι(s) − piv)] =
N∑
v=2
∑
s:i(s)=iv
[pi1 , (
∑
s:i(s)=iv
µsι(s) − piv)]
= 0.
(9)
This is beause [pi1 , ι(s)] = 0 if i(s) = i1. After splitting the Lie braket in equation (9),
the sum of all those terms mapping to Cviu is piupi1 −
∑
s:s(vi1 )=viu
µsι(s)pi1 . It must be
0. Chose s0 suh that s0(vi1) = viu if there exist one, then we have piupi1 = αiu,i1ι(s0)pi1 .
More over, for any s suh that s(vi1) = viu we have ι(s)pi1 = ι(s0)pi1 . Put these identities
in equation piupi1 −
∑
s:s(vi1 )=viu
µsι(s)pi1 = 0 , we get
(αiu,i1 −
∑
s:s(vi1 )=viu
µs)ι(s0)pi1 = 0.
So we have αiu,i1 =
∑
s:s(vi1 )=viu
µs. If there don't exist suh s0, we an prove αiu,i1 = 0
similarly.
Now suppose onditions (1) and (2) are satised, by the same arguments we only need
to prove above equation (9) to show ΩLK is at. The onditions (2) implies
pipj =
∑
s:s(j)=i
µsι(s)pj, for any i 6= j. (10)
It also implies
pipj =
∑
s:s(j)=i
µspiι(s), for any i 6= j. (11)
sine ι(s)pj = ι(s)pjι(s)
−1ι(s) = piι(s) for those s suh that s(j) = i. Now the right hand
side of equation (9) an be written as
N∑
v=2
(pi1piv −
∑
s:s(iv)=i1
µspi1ι(s)) +
N∑
v=2
(pivpi1 −
∑
s:s(iv)=i1
µsι(s)piv).
So the equation (6) is true and it implies atness of ΩLK by Theorem 3.1. G-equivariane
of the onnetion is easy to see.
Remark In the onnetion ΩLK if make µs = κ for all s and mi = m for all i then we
obtain Marin's onnetion. Above theorem produes at, G-equivariant onnetions with
more parameters. It also explains the number αi,j in Marin's onstrution.
Definition 4.1 (Generalized LK representations for general omplex braid groups). Fol-
lowing notations introdued above. Sine ΩLK is G-invariant, it indues a at on-
netion
ΩLK on the quotient bundle MG ×G VG. The generalized Lawrene-Krammer
representation of the braid group AG is dened as the monodromy representation of
ΩLK.
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Suppose P1, P2, · · · , PNG are all equivalent lasses of P under the equivalene relation
′ ∼ ′. The following lemma is essentially from [Ma2].
Lemma 4.1. For any 1 ≤ N ≤ NG, the subspae VN = ⊕i∈PNCvi ⊂ VG is a subrepre-
sentation.
Proof. We only need to observe that w(i) ∼ i for any i ∈ P and w ∈ G, and pi(vj) = 0
if i ≁ j.
5 Basic Properties about BG(Υ)
Suppose G ⊂ U(V) is a nite pseudo reetion group. Dene BG(Υ) as in Denition 1.1.
When G is a omplex reetion group, there is a bijetion from R to A: s 7→ Hs. So we
an use R as the indies set P of reetion hyperplanes. In these ases, for s1, s2 ∈ R,
R(s1, s2) = {s ∈ R|s(Hs2) = Hs1 } = {s ∈ R|ss2s = s1}.
Theorem 5.1. When G is nite then BG(Υ) is a nite dimensional algebra. Moreover,
the map w 7→ Tw for w ∈ G indue an injetion j : CG→ BG(Υ).
Proof. First by using relation (3), we an identify any word made from the set {w ∈
G}
∐
{ei}i∈P with a word of the form Twei1ei2 · · · eik where w ∈ G. We dene the e-length
of suh a word as k. In this word if two neighboring eiv and eiv+1 don't ommute with eah
other, then for eiveiv+1 , ondition in (5) of Denition 1.1 is satised as shown by the next
lemma.
Lemma 5.1. If two pseudo reetion s1 and s2 don't ommute with eah other, suppose
the reetion hyperplane of s1(s2) is Hi1(Hi2), then {i1, i2} ( {k ∈ P|Hk ⊇ Hi1 ∩Hi2 }.
Proof. We suppose {i1, i2} = {k ∈ P|Hk ⊇ Hi1 ∩ Hi2 }. Let L = Hi1 ∩ Hi2 , and < , > being
a G-invariant inner produt on V . Chose vk ∈ Hik suh that vk ⊥ L aording to < , >
for k = 1, 2. Suppose {v3, · · · , vN} is a basis of L, then {v1, v2, · · · , vN} is a basis of V . Now
sine s1(Hi2) is another reetion hyperplane ontaining L and s1(Hi2) 6= Hi1 , so we have
s1(Hi2) = Hi2 , whih implies s1 an be presented as a diagonal matrix aording to the
basis {v1, · · · , vN}. Similarly s2 an be presented by a diagonal matrix aording to the
same basis. So s1s2 = s2s1 whih is a ontradition.
The rst statement of theorem 5.1 follows from the next lemma.
Lemma 5.2. The algebra BG(Υ) is spanned by the set
{Twei1 · · · eiM |w ∈ G; eiueiv = eiveiuand iv 6= iu if u 6= v ;M ≥ 0}
Proof. Let A be the subspae in BG(Υ) spanned by elements listed in the lemma. We only
need to prove any word Twei1ei2 · · · eik represents an element in A. We do it by indution
on e-length of suh words. First this is true if K = 1. Suppose it is true for K ≤ M. Now
onsider a word x = wei1 · · · eiM+1 . If there are two neighboring eiv , eiv+1 don't ommute,
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then Lemma 5.1 enable us to apply (5) or (6) in Denition 1.1 to identify x with a linear
sum of words whose e-tail length are smaller than M + 1. Suppose all eiv 's in x ommute
with eah other, if there are v1, v2 suh that iv1 = iv2 , we use permutations between eiv 's
to identify x with a word y = wej1 · · · ejM+1 suh that j1 = j2. So x = y = mj1wej2 · · · ejM+1
by relation (2) of Denition 1.1. If all eiv 's ommute and all iv's are dierent then x ∈ A,
and indution is ompleted. For the seond statement of theorem 5.1, it isn't hard to see
the following map
Tw 7→ w, for w ∈ G; ei 7→ 0, for i ∈ P
extends to a surjetion π : BG(Υ)→ CG, and π ◦ j = id. So j is injetive.
This ompletes the proof of Theorem 5.1.
By Theorem 5.1, CG is naturally embedded in BG(Υ). For saving notations from now
on we always think CG to be inluded in BG(Υ), and denote Tw simply as w. The next
lemma redue one parameter in BG(Υ).
Lemma 5.3. For λ ∈ C×, Let µ′s = λµs for s ∈ R, and Let m′i = λmi for i ∈ P. Let
Υ′ = {µ′s,m
′
i}s∈R,i∈P, then BG(Υ
′) ∼= BG(Υ).
Proof. Denote the generators of BG(Υ
′) appeared in Denition 1.1 as Si's and Ei's . Then
si 7→ Si, ei 7→ λEi for i ∈ P
extend to an isomorphism from BG(Υ) to BG(Υ
′
).
The following lemma an be found in [Ma2℄.
Lemma 5.4 (Marin). For two dierent hyperplane Hi, Hj ∈ A, If s ∈ R satises s(Hj) =
Hi, then s x all points in Hi ∩Hj. So, R(i, j) = {s ∈ R|s(Hj) = Hi;Hs ⊇ Hi ∩Hj}.
Proof. Let < , > be a G-invariant inner produt on V . Let ǫ be the exeptional eigenvalue
of s, and let u be an eigenvalue of s with eigenvalue ǫ. Let ui, uj be some nonzero vetors
perpendiular to Hi, Hj respetively. Then u ⊥ Hs. The ation of s on V an be written as
s(v) = v − (1 − ǫ)<v,u><u,u>u. Now s(Hj) = Hi implies s(uj) = uj − (1 − ǫ)
<uj,u>
<u,u> u = λui for
some λ 6= 0. Denote (1 − ǫ)<uj,u>
<u,u>
as κ. The ondition that Hi is dierent from Hj implies
κ 6= 0. So we have u = 1κ(uj − λui) ⊥ Hi ∩Hj, and s x all points in Hi ∩Hj.
There exists a natural anti-involution on BG(Υ) whih may be used to onstrut a ellular
struture as follows.
Lemma 5.5. The following map extends to an anti-involution ∗ of BG(Υ)
w 7→ w−1 for w ∈ G ⊂ BG(Υ), ei 7→ ei for all i ∈ P
if µs = µs−1 for any s ∈ R.
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Proof. We only need to ertify ∗ keep all relations in Denition 1.1. As an example
for relation (5), on the one hand ∗(eiej) = ejei, on the other hand ∗[(
∑
s∈R(i,j) µss)ej] =
ej(
∑
s∈R(i,j) µss
−1) = (
∑
s∈R(i,j) µss
−1)ei = (
∑
s∈R(j,i) µs−1s)ei = (
∑
s∈R(j,i) µss)ei.
Flat Connections
Dene a formal onnetion
ΩG = κ
∑
i∈P(
∑
s:i(s)=i µss − ei)ωi.
Suppose ρ : BG(Υ) → End(E) is a nite dimensional representation. On the vetor
bundle MG × E, we dene a onnetion ρ( ΩG) = κ
∑
i∈P(
∑
s:i(s)=i µsρ(s) − ρ(ei))ωi where
κ ∈ C×. Let G ats on MG × E as w · (x, v) = (wx, ρ(w)v) for w ∈ G and (x, v) ∈MG × E.
Proposition 5.1. The onnetion ρ( ΩG) and ΩG are at and G-invariant.
Proof. It is enough to deal with the ase κ = 1. By Proposition 2.2, to show the G-invariane
we only need to prove∑
s:i(s)=i
µsρ(w)ρ(s)ρ(w)
−1 − ρ(w)ρ(ei)ρ(w)
−1 =
∑
s:i(s)=w(i)
µsρ(s) − ρ(ew(i)) (12)
for any w ∈ G. By (3) of Denition 1.1, we have ρ(w)ρ(ei)ρ(w)−1 = ρ(weiw−1) =
ρ(ew(i)). We also have {wsw
−1|i(s) = i} = {s|i(s) = w(i)} and µs = µwsw−1 , so identity (12)
follows.
Let L be any odimension 2 edge for the arrangement A, and let Hi1 , · · · , HiN be all the
hyperplanes in A ontaining L. By Theorem 3.1, to prove ρ( ΩG) is at we need to show for
any u
[
∑
s:i(s)=iu
µsρ(s) − ρ(eiu),
N∑
v=1
(
∑
s:i(s)=iv
µsρ(s) − ρ(eiv))] = 0. (13)
Now remember the onnetion κ
∑
i∈P(
∑
s:i(s)=i µsρ(s)ωi) is at by proposition 2.1, so
(13) is equivalent to
[
∑
s:i(s)=iu
µsρ(s),
N∑
v=1
ρ(eiv)] + [ρ(eiu),
N∑
v=1
(
∑
s:i(s)=iv
µsρ(s) − ρ(eiv))] = 0 (14)
Beause for any s suh that i(s) = iu, there is {s(Hi1), · · · , s(HiN)} = {Hi1 , · · · , HiN }, so
ρ(s)
N∑
v=1
ρ(eiv) −
N∑
v=1
ρ(eiv)ρ(s) = (ρ(s)
N∑
v=1
ρ(eiv)ρ(s)
−1 −
N∑
v=1
ρ(eiv))ρ(s)
= (
N∑
v=1
ρ(es(iv)) −
N∑
i=1
ρ(eiv)) = 0
(15)
So (14) is equivalent to
[ρ(eiu),
N∑
v=1
(
∑
s:i(s)=iv
µsρ(s) − ρ(eiv))] = 0. (16)
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We dene I1 = {1 ≤ v ≤ N|s(iv) = iu, for some s ∈ R}, and I2 = {1 ≤ v ≤ N|s(iv) 6=
iu, for any s ∈ R}. There is {1, 2, · · · ,N} = I1
∐
I2.
[ρ(eiu),
N∑
v=1
(
∑
s:i(s)=iv
µsρ(s) − ρ(eiv))] = −
∑
v∈I1
(ρ(eiueiv) −
∑
s:s(iv)=iu
µsρ(eiu)ρ(s))
+
∑
v∈I1
(ρ(eiveiu) −
∑
s:s(iu)=iv
µsρ(s)ρ(eiu))
+
∑
v∈I2
(ρ(eiueiv) − ρ(eiveiu))
= 0.
(17)
Where we used relation (5),(6) in Denition 1.1.
Flatness of
ΩG an be proved similarly.
Theorem 5.2. Using notations in setion 4. The map w 7→ ι(w), ei 7→ pi extends
to a representation BG(Υ) → End(VG). So from BG(Υ) we an obtain the generalized
Lawrene-Krammer representation.
Proof. We only need to ertify that ι(w)'s and pi's satisfy those relations in Denition 1.1.
Relation (0) is evident. Relation (1) and (1)
′
are beause pi is a projetor to Cvi. Relation
(3) is by denition of pi and the fat αi,j = αw(i),w(j). When R(i, j) = ∅, by denition we
have pipj = pjpi = 0 so relation (4), (6) follows. For any i, j, k, we have
pipj(vk) = αj,kpi(vj) = αj,kαi,jvi and
(
∑
s∈R(i,j) µsι(s))pj(vk) = αj,k(
∑
s∈R(i,j) µsι(s))(vj) = αj,k(
∑
s∈R(i,j) µs)vi = αj,kαi,jvi,
so relation (5) is ertied.
Suppose Γ is a nite type simply laed Dynkin diagram, denote the assoiated Coxeter
group and Artin group as WΓ , AΓ respetively. Suppose WΓ is realized as a reetion group
in U(V). In this ase the data Υ onsists of two onstants m,µ sine all reetions of WΓ
lie in the same onjugay lass. Suppose µ 6= 0, so by Lemma 5.3 we an set µ = 1. Thus
we denote the algebra of Denition 1.1 for WΓ as BWΓ (m). Set MΓ = V \∪i∈PHi. Let (E, ρ)
be a nite dimensional representation of BWΓ (m). By proposition 5.1, the onnetion
ρ( ΩΓ ) = κ
∑
i∈P
(ρ(si) − ρ(ei))ωi
indues a at onnetion on the bundle MΓ ×WΓ E, whih is a linear bundle on MΓ/WΓ .
Denote the resulted monodromy representation of π1(MΓ/WΓ) ∼= AΓ as ρ. We have
Theorem 5.3. If m /∈ Z or m ∈ Z with m > 3, the monodromy representations ρ
of AΓ onstruted above fator through the simply laed BMW algebra BΓ(τ, l), for
τ = q
1−m−qm−1+q−1−q
q−1−q
, l = qm−1. Where q = exp κπ
√
−1.
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Proof. Suppose Σ is the set of nodes of Γ , {σi}i∈Σ is the set of generators of AΓ in a anonial
presentation. For i ∈ Σ, set
Xi = ρ(σi), Ei =
q−1 − q
l
(ρ(σi)
2 + (q−1 − q)ρ(σi) − 1).
We need to show {Xi, Ei}i∈Σ satises relations of BΓ (τ, l) in table 2. The proof is ompletely
similar to Theorem 3.2, so we ontent with giving a sketh. Denote the number of nodes
in Γ as n(γ). We only onsider the ases when Γ is irreduible. When n(Γ) = 1 or 2, the
Artin group AΓ is braid group B2, B3 respetively. So the statement follows from Theorem
3.2. Suppose n(Γ) ≥ 3. The fat that Γ is simply laed enable us to redue the statement of
these ases to ases when n(Γ) = 1 or 2, by using Theorem 2.1. Suppose i, j ∈ Σ and i ∼ j.
Then the paraboli subgroup Wi,j of WΓ generated by si, sj is isomorphi to the symmetri
group S3. By applying Theorem 2.1 to Wi,j, we prove that Xi, Xj, Ei, Ej satises relations in
table 2. The ases when i ≁ j an be proved similarly.
6 Cases of Dihedral Groups
Dimension and Basis Denote the dihedral group of type I2(m) as Gm. The arrangement
of its reetion hyperplanes an be explained with the following Figure 2.
H0
H1
H
2
H3
H4
H
5
m=6
Figure 2: The arrangement of G6
There are m lines(hyperplanes) passing the origin. The angle between every two neigh-
boring lines is π/m. Suppose the x-axis is one of the reetion lines and denote it as H0,
we denote these lines by H0, H1, · · · , Hm−1 in antilokwise order as shown in above graph.
Denote the reetion by Hi as si. The set of reetions in Gm is R = {si}0≤i≤m−1. Denote
the rotation of 2jπ/m in antilokwise order as rj. It is well known that Gm is generated
by s0, s1 with the following presentation
< s0 , s1, |(s0s1)
m = 1, s20 = s
2
1 = 1 > .
As a set Gm = {si, ri}0≤i≤m−1. Under this presentation, si an be determined indutively
in the following way. s1 = s1, s2 = s1s0s1 and si = si−1si−2si−1. By [sisj · · · ]k we denote
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the length k word starting with sisj, in whih si and sj appear alternatively. The word
[· · · s0s1]k is dened similarly. Then si = [s1s0 · · · ]2i−1, where sm = [s1s0 · · · ]2m−1 = s0.
As for the algebra BGm(Υ) , we hoose the index set PGm = {0, 1, 2, · · · ,m− 1}. BGm(Υ)
is generated by {si, ei}i∈PGm . The data Υ is {µi, τi}i∈PGm . For later onveniene, for k ∈ Z,
we dene sk, Hk, ek, µk, τk as s[k], H[k], e[k], µ[k], τ[k] respetively. Where [k] is the unique
number in {0, 1, · · · ,m − 1} suh that k ≡ [k]mod(mZ).
The struture of BGm(Υ) when m is odd is quite dierent from ases when m is even.
 When m = 2k + 1 is odd, we have i ∼ j for any i, j ∈ PGm . Whih implies µi = µj
and τi = τj for any i, j ∈ PGm . So the data Υ onsists of {τ0, µ0} essentially. We
always suppose µ0 6= 0, and by Lemma 5.3 we an suppose µ0 = 1. When i+ j ∈ 2Z,
R(i, j) = {s i+j
2
}; when i+ j+ 1 ∈ 2Z, R(i, j) = {s i+j+m
2
}.
 When m = 2k is even, i ∼ j if and only if i+ j ∈ 2Z. Whih implies µi = µj and τi = τj
if i + j ∈ 2Z. So the data Υ onsists of {µ0, µ1, τ0, τ1} essentially. When i + j ∈ 2Z,
R(i, j) = {s i+j
2
, s i+j+m
2
}; when i+ j + 1 ∈ 2Z, R(i, j) = ∅.
It is easy to see when m = 2k is even, the relation (1)
′
in Denition 5.1 for BGm(Υ) is
equivalent to: si+kei = eisi+k = ei for any i.
Theorem 6.1. (1) When m is odd, the algebra BGm(Υ) has dimension 2m +m
2
, and
has the set {si, ri}0≤i≤m−1 ∪ {siej}0≤i,j≤m−1 as a basis.
(2) When m = 2k is even, the algebra BGm(Υ) has dimension 2m+
m2
2 ,and has the
set {si, ri}0≤i≤m−1 ∪ {sie2j}0≤i,j≤k−1 ∪ {sie2j+1}0≤i,j≤k−1 as a basis.
When m is odd, let Am be the vetor spae spanned by some generators {Si, Ri}0≤i≤m−1∪
{Ti,j}0≤i,j≤m−1. For onveniene for any i, j ∈ Z, let Si = S[i], Ri = R[i] and Ti,j = T[i],[j]. Dene
a produt on Am by the following relations (1), (2), (3).
(1) SiSj = Ri−j,RiRj = Ri+j, SiRj = Si−j, RjSi = Si+j.
(2) SlTi,j = Tl−i+j,j,Ti,jSl = Ti−j+l,2l−j, RlTi,j = Ti+l,j, Ti,jRl = Ti−l,j−2l.
(3)
Ti,jTp,q =


τqTi−p+q,q when 2p− j− q ∈mZ;
Tvi,j,p,q,q when 2p− j− q /∈mZ, and [2p− j] + q ∈ 2Z;
Tui,j,p,q,q when 2p− j− q /∈mZ, and [2p− j] + q /∈ 2Z.
Where vi,j,p,q = (2i + [2p− j] + q− 2p)/2, ui,j,p,q = (2i+ [2p − j] + q+m − 2p)/2.
Lemma 6.1. Above produt makes Am into an assoiative algebra.
Proof. In fat above identities are obtained by "looking (Si, Ri, Ti,j) as (si, ri, siej)". We have
an indiret proof as follows. Denote the m-dimensional representation of BG(Υ) dened in
Theorem 5.2 as ρLK, the irreduible representations of BG(Υ) indued by the surjetion
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π : BG(Υ) → CG as ρ1, · · · , ρl. Denote the parameter spae of all Υ's as Λ. By similar
argument with the proof of (2) of Proposition 7.1, we an show there is a dense open subset
D of Λ suh that if Υ ∈ D then the related representation ρLK is irreduible. In there ases
by Wedderburn-Artin Theorem we have dimBG(Υ) ≥
∑
i(dim ρi)
2+(dim ρLK)
2 = 2m+m2.
Sine the set {si, ri}0≤i≤m−1 ∪ {siej}0≤i,j≤m−1 always spans BG(Υ), so we know when Υ ∈ D,
this set is a basis of BG(Υ). Thus the produt of Am is assoiative if Υ ∈ D. So the produe
is assoiative for all Υ.
Proof of theorem 6.1 When m is odd, denote the algebra above as Am(Υ). we dene a
map φ as: φ(Si) = si, φ(Ri) = ri, for 0 ≤ i ≤ m − 1; φ(Ti,j) = siej for 0 ≤ i, j ≤ m − 1.
It is easy to see φ extends to a morphism φ from Am(Υ) to BGm(Υ). Inversely the map ψ:
ψ(si) = Si, ψ(ei) = Ti,i for 0 ≤ i ≤ m−1 extends to a morphism ψ from BGm(Υ) to Am(Υ).
Sine ψφ = id and φψ = id, we know BGm(Υ) is isomorphi to Am(Υ) and statement (1)
follows. The statement (2) an be proved similarly by onstruting an atual algebra with
dimension 2m + m
2
2
and prove it is isomorphi to BGm(Υ).
Cellular Structures When m is Odd Suppose m = 2k + 1. let (Λ,M,C, ∗) be the
ellular struture of CGm. The algebra BGm(Υ) has a ellular struture (
Λ, M, C, ∗) as
follows.

Λ = Λ
∐
{λLK}.We keep the original partial order in Λ and for any λ ∈ Λ, let λLK ≺ λ.
 For λ ∈ Λ, set M(λ) = M(λ) and M(λLK) = {0, 1, · · · ,m − 1}.
 For λ ∈ Λ, and S, T ∈ M(λ) set CλS,T = CλS,T . For i, j ∈ M(λLK), set CλLKi,j = s i+j
2
ej if
i+ j ∈ 2Z, and CλLKi,j = s i+j+m
2
ej if i+ j /∈ 2Z.
 Dene ∗ to be the involution in Lemma 5.5.
Theorem 6.2. Above ( Λ, M, C, ∗) denes a ellular struture for BGm(Υ).
Proof. Reall the denition of ellular algebras in setion 2. (C1) follows by Theorem
6.1. (C2) is beause ∗(s i+j
2
ej) = ejs i+j
2
= s i+j
2
ei. (C3) is by the following omputation.
sl( C
λLK
i,j ) =
CλLK2l−i,j for any l, i, j; el(
CλLKi,j ) =
CλLKl,j if l 6= i ; ei( CλLKi,j ) = τ0 CλLKi,j .
Remark 6.1. From above proof we see the ellular representation orresponding to λLK
is the innitesimal LK representation of Marin.
Cellular Structures When m is Even Suppose m = 2k. Still denote the ellular
struture of CGm as (Λ,M,C, ∗). The algebra BGm(Υ) has a ellular struture ( Λ, M, C, ∗)
as follows.

Λ = Λ ∪ {λLK0 , λLK1 }. We keep the partial order in Λ, and let LKi ≺ λ for any λ ∈ Λ
and any i.
23
 For λ ∈ Λ, M(λ) = M(λ). M(λLK0) = {0, 2, · · · , 2k− 2}. M(λLK1) = {1, 3, · · · , 2k − 1}.
 For λ ∈ Λ, S, T ∈ M(λ), let CλS,T = CλS,T .

C
λ
LK0
2i,2j =
1
2(si+j + si+j+k)e2j,
C
λ
LK1
2i+1,2j+1 =
1
2(si+j+1 + si+j+k+1)e2j+1.
 Let ∗ be the involution in lemma 5.5.
Theorem 6.3. Above ( Λ, M, C, ∗) denes a ellular struture for BGm(Υ) .
Proof. (C1) follows from Theorem 6.1. (C2) is ertied similarly. (C3) follows from the
following omputation. sl( C
λ
LK0
2i,2j ) =
C
λ
LK0
2(l−i),2j
; el( C
λ
LK0
2i,2j ) = 0 if l is odd; e2i(
C
λ
LK0
2i,2j ) = τ0
C
λ
LK0
2i,2j ;
el( C
λ
LK0
2i,2j ) = (µp+i + µp+i+k)
C
λ
LK0
l,2j if l = 2p is even and l 6= 2i.
sl( C
λ
LK1
2i+1,2j+1) =
C
λ
LK1
2(l−i−1)+1,2j+1
; el( C
λ
LK1
2i+1,2j+1) = 0 if l is even; e2i+1(
C
λ
LK1
2i+1,2j+1) = τ1
C
λ
LK1
2i+1,2j+1;
el( C
λ
LK1
2i+1,2j+1) = (µp+i+1 + µp+i+1+k)
C
λ
LK1
2p+1,2j+1 if l = 2p+ 1 is odd and l 6= 2i + 1.
Remark 6.2. The two representations orresponding to λLK0 , λLK1 are omponents of
the innitesimal LK representations of Marin as in Theorem5.2.
7 H3 Type
The Coxeter group GH3 of type H3 is the symmetri group of a regular dodeahedron(or a
regular iosahedron). It is generated by s0, s1, s2 with relations:
a) s2i = 1 for all i
′s. b) s0s1s0s1s1 = s1s0s1s0s1.
c) s0s2 = s2s0. d) s1s2s1 = s2s1s2.
We have: |GH3 | = 120, |R| = 15.
The group GH3 has a nontrival enter element c = (s2s0s1)
5
whih is also the longest
element. Denote the other 12 reetions arbitrarily as s3, · · · , s14 so R = {si}0≤i≤14. Denote
the reetion hyperplane of si as Hi, naturally set the index set of reetion hyperplanes as
P = {0, 1, · · · , 14}.
In the following Figure 3, the dotted lines show the intersetion of three reetion hyper-
planes with the front surfae of the dodeahedron. For s, s
′ ∈ R, we say s is perpendiular
to s
′
and denote s⊥s ′ if ss ′ = s ′s. From Figure 3 we see diretly that ′⊥ ′ is a equivalent re-
lation in R ( the proof of this fat is only simple but lengthy omputations ). Aording to it
R is deomposed into 5 equivalent lasses R = {R1, · · · , R5}, eah lass onsists of 3 elements.
Let w0 = s1s2s1s0s1s0s1. A typial equivalent lass is {s0, s2, si0 } where si0 = w
−1
0 s0w0. Any
way we suppose Rα = {iα, jα, kα} for 1 ≤ α ≤ 5 and let R1 = {s0, s2, si0 }. The onjugating
ation of GH3 on R indues an ation of the same group on R, beause si ⊥ sj implies
wsiw
−1 ⊥ wsjw−1. Sine GH3 ats on R transitively by onjugation, the ation of GH3 on
R is also transitive.
It isn't hard to see that, |R(i, j)| = 0 if si ⊥ sj and |R(si, sj)| = 1 otherwise.
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Figure 3: Regular dodeahedron
Now onsider the algebra BGH3
(Υ). Sine all elements of R lie in the same onjugay
lass, so all τi equal and all µi equal. We denote them as τ and µ respetively. Suppose
µ 6= 0, in these ases we an set µ = 1 by lemma 5.3. We have
Lemma 7.1.
(a)w0e0e2 = e0e2; (b)w0s0w
−1
0 = s2;
(c)w30 = c; (d)the group generated by {s0, s2,w0} has order 24.
(e)eiαejα = ejαekα = ekαeiα .
Proof. First (a) follows from identities
(e1e0)e2 = s0s1s0s1s0e0e2 = s0s1s0s1e0e2 and (e1e0)e2 = (e1e2)e0 = s1s2s1e2e0.
(b) and (c) follow by diret omputations. Denote the group in (d) as H. Computa-
tion shows w0s2w
−1
0 = cs0s2 whih implies the order 8 abelian subgroup H
′
generated by
{s0, s2, c} is normal in H, and the quotient group H/H
′
onsists of {[1], [w0], [w
2
0]}. So
(d) follows. For (e) we rst prove the speial ase of α = 1 then the other ases follow by
onjugating ation of GH3 . Now the rst "=" in (e) is ertied by the following identity
and the seond one an be proved similarly. The rst
′ = ′ below is by (a).
e0e2 = w0e0e2w
−1
0 = w0e0w
−1
0 w0e2w
−1
0 = e2ei0 .
Remark 7.1. For 0 ≤ i ≤ 14, we dene
Gi = {w ∈ GH3 | wsiw−1 = ei} and Hi = {w ∈ GH3 | wei = ei}.
For 1 ≤ α ≤ 5 dene Gα = {w ∈ GH3 | w(Rα) = Rα} and Hα = {w ∈ GH3 | weiαejα =
eiαejα }.
There is Hi ⊂ Gi and Hα ⊂ Gα. Sine GH3 ats on R transitively and |R| = 15, we
see if sj, sk are the other two reetions ommuting with si, then G
i
is the order 8
group generated by {si, sj, sk}. By (2) of Theorem 7.1 below we know H
i
is the order
2 group generated by si.
Sine the ation of GH3 on R is transitive we have |Gα| = 24. By (d) of above
lemma we have Hα = Gα,and that G1 is generated by {s0, s2 , w0}.
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Lemma 7.2. dimBGH3 (Υ) ≤ 1045.
Proof. Reall the set spanning BGH3
(Υ) in lemma 5.2. Consider an element e = eiejek, suh
that i, j, k are dierent and every two elements in {i, j, k} satisfy ondition (4) of Denition
1.1. Notie any two of {ei, ej, ek} ommutes. By above disussion {si, sj, sk} is some lass Rα.
Now we have eiαejαekα = ejαekαekα = τejαekα , whih is by (e) of Lemma 7.1. So we have
proved that BGH3
(Υ) is spanned by the set
Λ = GH3
∐
{wei}
∐
{weiej|si ⊥ sj}.
The relation siei = ei implies |{wei}| ≤ 1202 × 15 = 900. By above disussion and (e)
of lemma 7.1, we know there are at most 5 kinds of eiej appearing in {weiej|si ⊥ sj}. For
every suh eiej there is a group Hi,j of order 24 suh that weiej = eiej for any w ∈ Hi,j. So
|{weiej|si ⊥ sj}| ≤ 12024 × 5 = 25 and the lemma follows.
Remark 7.2. The set Λ an be presented expliitly as follows. For any i let {wij}1≤j≤60
be a set of representatives of left osets of the group < 1, si >. Let {w
α
β}1≤β≤5 be a set
of representatives of the left osets of Hα (see Remark 7.1 ) in GH3. Then
Λ = GH3
∐
{wijei}0≤i≤14;1≤j≤60
∐
{wαβeiαejα }1≤α≤5;1≤β≤5.
Some Irreducible Representations.
There are four 15 dimensional irreduible representations and one 5 dimensional irre-
duible representations of BGH3 (Υ) as follows.
The onjugating ation of GH3 on R is transitive. Sine every element of the subgroup
G0 =< s0, s2, c > ommutes with s0 and |G0| = 8, so G0 is the stablizing group of this ation
at s0. G0 has the following four one dimensional representations {σi}0≤i≤3 that sending s0
to 1.
(1)σ0(s0, s2, c) = (1, 1, 1); (2)σ1(s0, s2, c) = (1, −1, 1);
(3)σ2(s0, s2, c) = (1, 1, −1); (4)σ3(s0, s2, c) = (1, −1, −1).
For every 0 ≤ i ≤ 3, we have a left representation of GH3 : Ind
GH3
G0
(σi) . They are
all 15 dimensional representations whose representation spaes an be identied with a
spae V spanned by a basis {vi}0≤i≤14 in bijetion with the set of left osets {wG0}w∈GH3 .
The bijetion φ from the seond set to the rst one is dened by: if ws0w
−1 = si then
φ(wG0) = vi.
Now for every 0 ≤ α ≤ 3, we an extend every IndGH3G0 (σα) to a representation ρα of
BGH3
(Υ) as follows.
(1)ρα(ei)(vi) = τvi. (2)ρα(ei)(vj) = 0 if i 6= j and si ⊥ sj.
(3)ρα(ei)(vj) = σα(sk)(vj) if i 6= j, and si isn't perpendiular to sj suh that sk is the
unique reetion satisfying sksisk = sj.
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By denition the operator ρα(ei) is a projetor to the line Cvi ⊂ V for all α. For every
0 ≤ α ≤ 3, dene a 15 × 15 matrix Mα = (mαi,j) by the identities ρα(ei)(vj) = mαi,jvi. All
entries of Mα belong to {±1, τ, 0}. By denition the diagonal elements of all Mα's are all
τ, and non-diagonal elements are all onstants. So detMα is a nonzero polynomial of τ for
all α.
Proposition 7.1. (1) Above denition of ρα(ei)'s extends Ind
GH3
G0
(σα) to a representa-
tion ρα of BGH3
(Υ). (2) The representation ρα is irreduible if and only if detM
α 6= 0.
(3) ρα ≇ ρβ if α 6= β.
Proof. Diret omputation shows (1). For (2), rst we observe vi is a generator for any i
sine the onjugating ation of GH3 on R is transitive. Suppose v ∈ V is a nonzero vetor.
If detMα 6= 0 then there is some i suh that 0 6= ρα(ei)(v) ∈ Cvi by denition of Mα. So v
is a generator and ρα is irreduible. If detM
α = 0 then the spae ∩14i=0Kerρα(ei) is nonzero.
It isn't hard to see this subspae is a submodule, thus ρα is reduible.
For (3), supposeψ : V → V is an BGH3 (Υ) isomorphism from ρα to ρβ. By ψ(ρα(ei)(v)) =
ρβ(ei)(ψ(v)), so ψ(Imρα(ei)) = Imρβ(ei), whih implies ψ(vi) = λivi for some λi 6= 0. Now
for w ∈ G0, on one hand we have
ψ(ρα(w)(v0)) = ψ(σα(w)v0) = σα(w)λ0v0,on the other hand
ψ(ρα(w)(v0)) = ρβ(w)(ψ(v0)) = λ0σβ(w)v0. So we have σβ(w) = σα(w) for any w ∈ G0,
whih implies α = β.
There is annother irreduible representation related to the ation of GH3 on R dened
as follows.
Let U = C < u1, · · · , u5 > be a 5 dimensional vetor spae. Dene a representation of
GH3 on U as: w(ui) = uj if w(Ri) = Rj, for w ∈ GH3 and 1 ≤ i ≤ 5.
For 0 ≤ i ≤ 14, dene [i] ∈ {1, · · · , 5} by the relation si ∈ R[i]. For 0 ≤ i ≤ 14, 1 ≤ p ≤ 5,
we set
ei(vp) =
{
τvp, if si ∈ Rp;
v[i], if si /∈ Rp.
Lemma 7.3. Above ation of GH3 and ei's on U extends to a representation ρ4 of
BGH3
(Υ). This representation is irreduible if and only if (τ− 1)4(τ + 4) 6= 0.
Proof. The rst laim an be proved by diret omputations. For the seond one we rst
observe ρ4(ei) is a projetor to Cu[i] and ρ4(ei) = ρ4(ej) if i, j lie in the same equivalent
lass. So for every 1 ≤ p ≤ 5 we have a well dened projetor Jp(onto Cup) by setting
Jp = ρ4(ei) for any i ∈ Rp. Dene a 5× 5 matrix M4 = (m4p,q) by setting Jp(uq) = m4p,qup.
This matrix is lear: diagonal entries are all τ and non-diagonal entries are all 1. So
detM4 = (τ− 1)4(τ+ 4). An argument similar to Proposition 7.1 shows ρ4 is irreduible if
and only if detM4 6= 0.
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Theorem 7.1. (1) If Π4p=0 detM
p 6= 0, BGH3 (Υ) is a 1045 dimensional semisimple
algebra and have Λ (remark 7.2 ) as a basis. Notie Π4p=0 detM
p
is a polynomial of τ.
(2) For all τ, BGH3
(Υ) is a 1045 dimensional algebra having Λ as a basis.
Proof. Suppose ρ5, ρ6, · · · , ρN are all irreduible representations of BGH3 (Υ) indued by
the quotient map π : BGH3 (Υ)→ CGH3 . They are dierent from ρ0, ρ1, · · · , and ρ4 beause
ei's at as zero on them. We have
∑N
i=5 dim ρ
2
i = |GH3 | = 120.
If Π4p=0 detM
p 6= 0 then ρ1, ρ2, · · · , and ρ4 are all irreduible. In these ases by
Wedderburn-Artin theorem we have
dimBGH3
(Υ) ≥∑Ni=5 dim ρ2i +∑3i=0 dim ρ2i + dim ρ24 = 120 + 900 + 25 = 1045.
Combining with lemma 7.2 we have proved (1).
For later onveniene , in the set Λ we denote elements of GH3 as x1, · · · , x120, denote
e1, · · · , e15 as x121, · · · , x135. Denote other elements of Λ as x136, · · · , x1045. Suppose rst
Π4p=0 detM
p 6= 0. In these ase sine {xi}1≤i≤1045 is a basis of BGH3 (Υ) , every produt xixj
an be expanded uniquely as a linear sum of xk's: (∗) xixj =
∑1045
k=1 f
k
i,j(τ)xk.
We observe the following fats.
(a) fki,j(τ)'s are all polynomial funtions of τ;
(b) The identity (∗) atually holds in BGH3 (Υ) for all τ's.
Let A = C < X1, · · · , X1045 > be a vetor spae with a basis {X1, · · ·X1045}. Dene a
produt on A by setting XiXj =
∑1045
k=1 f
k
i,j(τ)Xk. This produt make A into an assoiative
algebra when Π4p=0 detM
p 6= 0. Combining with (a) it follows that this produt is well-
dened and making A into an assoiative algebra for all τ's. Denote this algebra as A(Υ).
Reall we have argued that in ase of H3 the data Υ onsists of one term τ essentially. A
simple hek of this produt shows:
() A(Υ) is generated by {X1, · · · , X135} for all τ's.
(d) The map [xi 7→ Xi for 1 ≤ i ≤ 135] extends to a morphism φ : BGH3 (Υ)→ A(Υ) for
all τ's.
By () the morphism φ is surjetive. Then by lemma 7.2 φ is an isomorphism and (2)
follows.
Cellular structures. let (Λ,M,C, ∗) be the ellular struture of CBGH3 (Υ). The algebra
BGH3
(Υ) has a ellular struture ( Λ, M, C, ∗) as follows.

Λ = Λ ∪ {λ0, λ1, · · · , λ4}. Extend the partial order in Λ by setting: λi ≺ λ for any
0 ≤ i ≤ 4 and any λ ∈ Λ; λ4 ≺ λi for 0 ≤ i ≤ 3.
 Let ∗ be the involution dened in lemma 5.5.
 For λ ∈ Λ, M(λ) = M(λ); for 0 ≤ i ≤ 3, M(λi) = {0, 1, · · · , 14}; M(λ4) = {1, 2, · · · , 5}.
 For λ ∈ Λ, S, T ∈ M(λ), let CλS,T = j(CλS,T ). Where j is the naturally injetion from
CGH3 to BGH3 (Υ).
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 For every 0 ≤ i ≤ 14, hoose wi ∈ GH3 suh that wie0w−1i = ei and w0 = id. Set
J0 = (1+s2+s2c+c), J1 = (1−s2+c−cs2), J2 = (1+s2−cs2−c), J3 = (1−s2+cs2−c),
whih are idempotents of the group algebra C < s2, c > orresponding to σ0, · · · , σ3.
Then for 0 ≤ α ≤ 3 and 0 ≤ i, j ≤ 14, set Cλαi,j = wiJαe0w−1j .
 As before suppose Rα = {iα, jα, kα}. For 1 ≤ α,β ≤ 5 hoose wαβ ∈ WH3 suh that
wαβ(Rα) = Rβ. Where the onjugating ation is dened in the beginning of this
setion.Then set
Cλ4β,α = w
α
βeiαejα .
Theorem 7.2. Above data dene a ellular struture on BGH3 (Υ).
Proof. (C1) follows from Theorem 7.1. (C2) is proved by the following identities.
∗( Cλαi,j ) = ∗(w−1j ) ∗ (e0) ∗ (Jα) ∗ (wi) = wje0Jαw−1i = Cλαj,i ;
∗( Cλ4β,α) = ∗(ejα) ∗ (eiα) ∗ (wαβ) = ejαeiα(wαβ)−1 = (wαβ)−1eiβejβ = wβαheiβejβ = Cλ4α,β.
Where the third "=" is beause wαβ(Rα) = Rβ and eiβejβ = ejβekβ = ekβeiβ . By Remark 7.1
, there is some h ∈ Gβ suh that the fourth "=" holds. Also by Remark 7.1 we get the fth
"=". (C3) in ases of λi(0 ≤ i ≤ 3) are proved by the following identities.
(1) w Cαi,j = wwiJ
αe0w
−1
j = wk(w
−1
k wwi)J
αe0w
−1
j = σα(w
−1
k wwi)
Cαk,j. Where k is deter-
mined by w−1k wwi ∈ G0. The last "=" is beause vJα = σα(v)Jα for v ∈ G0.
(2) el C
α
i,j = elwiJ
αe0w
−1
j = eleiwiJ
αw−1j
=


0 mod(I<λα) when sl ⊥ si ;
sl,ieiwiJ
αw−1j = sl,iwiJ
αe0w
−1
j =
σα(w
−1
k sl,iwi)
Cαk,jmod(I
<λα) when sl isn't perpendiular to si .
where sl,i is the unique reetion suh that sl,isisl,i = sl , k is determined by w
−1
k sl,iwi ∈
G0, and I
<λα
is the ideal generated by { Cλi,j}λ<λα .
In the ase of (C4) we have
(3) w Cλ4β,α = ww
α
βeiαejα =
Cλ4γ,α. Where γ is determined by ww
α
β(Rα) = Rγ. The last
"=" is by using remark 7.1.
(4)
ei C
λ4
β,α = eieiβejβw
α
β =
{
τ Cλ4β,α when i ∈ {iβ, jβ, kβ}.
si,iβeiβejβw
α
β =
Cλ4γ,α otherwise.
Where γ is determined by i ∈ Rγ.
8 Canonical Presentations
8.1 Real cases
We dene an algebra B
′
G(Υ) with ertain anonial presentation when G is a Coxeter group
or a ylotomi reetion group of type G(m,1, n), then prove B
′
G(Υ) is isomorphi to
BG(Υ). First we do it in ases of dihedral groups.
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Definition 8.1. The algebra B
′
G(Υ) have the following presentation when G is Gn, the
dihedral group of type I2(n).
TABLE 3. Presentation for BGn(Υ).
BG2k+1(Υ) BG2k(Υ)
generators S0, S1, E0, E1 S0, S1, E0, E1
relations 1) [S0S1 · · · ]2k+1 = [S1S0 · · · ]2k+1 ; 1) [S0S1 · · · ]2k = [S1S0 · · · ]2k;
2) S20 = S
2
1 = 1; 2) S
2
0 = S
2
1 = 1;
3) SiEi = Ei = EiSi for i = 0, 1; 3) SiEi = Ei = EiSi for i = 0, 1;
4) E2i = τEi for i = 0, 1; 4) E
2
i = τiEi for i = 0, 1;
5) E0[S1S0 · · · ]2i−1E0 5) E0[S1S0 · · · ]2i−1E0
= µE0 for 1 ≤ i ≤ k; = (µi + µi+k)E0 for 1 ≤ i ≤ k;
6) E1[S0S1 · · · ]2i−1E1 6) E1[S1S0 · · · ]2i−1E1
= µE1 for 1 ≤ i ≤ k; = (µi + µi+k)E1 for 1 ≤ i ≤ k;
7) [S0S1 · · · ]2kE0 7) [S1S0 · · · ]2k−1E0
= E1[S0S1 · · · ]2k ; = E0[S1S0 · · · ]2k−1 = E0;
8) [S1S0 · · · ]2kE1 8) [S0S1 · · · ]2k−1E1
= E0[S1S0 · · · ]2k. = E1[S0S1 · · · ]2k−1 = E1 ;
9) E1WE0 = E0WE1 = 0.
Where in 9) W is any element omposed by {S0, S1}.
Theorem 8.1. If G is a dihedral group, then BG(Υ) is isomorphi to B
′
G(Υ).
Proof. We onsider the ases when G is of type I2(2k). The ases for G of type I2(2k + 1)
are similar and easier.
Denote the algebra BG(Υ) ,B
′
G(Υ) as B, B
′
respetively. Let j be the morphism from CG
to B
′
by mapping si ∈ G to Si ∈ B ′ for i = 0, 1. Let π be the morphism from B ′ to CG by
mapping Si ∈ B ′ to si ∈ G, Ei to 0. There is π ◦ j = idCG, whih implies that j is injetive.
For saving notations we denote j(w) as w for w ∈ G.
For 2 ≤ 2i ≤ 2k−2, hoose any w ∈ G suh that s2i = ws0w−1 and let E2i = wE0w−1. E2i
is well dened with no dependene on hoie of w (a speial ase of Lemma 8.1 later ). For
example, hoose w = [S1S0 · · · ]2i−1 so E2i = [S1S0 · · · ]2i−1E0[S1S0 · · · ]2i−1. Similarly for 3 ≤
2i − 1 ≤ 2k− 1, dene E2i−1 = [S1S0 · · · ]2i−2E1[S1S0 · · · ]2i−2 = [S1S0 · · · ]2i−1E1[S1S0 · · · ]2i−1.
Dene a map φ from the set of generators of B to B
′
as : φ(Tw) = w(= j(w)); φ(ei) = Ei
for 0 ≤ i ≤ 2k − 1. Then φ extends to a morphism from B to B ′ . To prove it we only
need to ertify that φ keep all the relations in Denition 1.1. The ase of relation (0) is
straightforward. Relation (1) is by 3) in Denition 8.1 of BG2k(Υ) ; (1)
′
is by 7), 8); (2)
is by 4); 3) is by later Lemma 8.1; ase of 4) doesn't arise here; (6) is by 9); 5) is by the
following omputations. First onsider the relation for e2ie0. We have
φ(e2i)φ(e0) = E2iE0 = [s1s0 · · · ]2i−1E0[s1s0 · · · ]2i−1E0 = siE0siE0 = si(µi + µ[i+k]c)E0
= (µisi + µ[i+k]s[i+k])E0 = φ((µk(2i,0)sk(2i,0) + µk(2i,0) ′ sk(2i,0) ′ )e0) = φ(e2ie0).
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Relations for other e2ie2j an be obtained by suitable onjugating ation of G on above
equation. The relations for e2i+1e2j+1 are similar.
There is a natural morphism ψ : B
′ → B by extending the orrespondene S0 7→ s0,
S1 7→ s1, E0 7→ e0, E1 7→ e1. The fat that ψ keep relations 1), 2) of Denition 8.1 is by (1)
of Denition 1.1; 3) is by (1); 4) is by (2); 5), 6) are by (5); 7), 8) are by (1)
′
; 9) is by (6).
Suppose GM is a nite Coxeter group with Coxeter matrix M = (mi,j)n×n. The group
GM has the following presentation:
< s1, s2, · · · , sn |[sisj · · · ]mi,j = [sjsi · · · ]mi,j for i 6= j; s2i = 1 for any i > .
It is well-known that GM an be realized as a group generated by reetions in some
n dimensional linear spae through etain geometri representation ρ : G → GL(V). We
identify GM with its image in GL(V), denote ρ(si) as si. Sine GM is real, the index set
of reetion hyperplanes P are in one to one orrespondene with the set of reetions R.
So it is onvenient to denote the reetion hyperplane of s ∈ R as Hs and write ei in the
Denition 1.1 as es. In the following we denote GM as G. For w ∈ G, any expression
w = si1si2 · · · sir with minimal length is alled a redued form of w, and dene the length of
w as l(w) = r. Above denition of B
′
G(Υ) when G is a dihedral group invoke the following
denition of B
′
GM
(Υ).
Definition 8.2. For any Coxeter matrix M = (mi,j)n×n, the algebra B
′
GM
(Υ) is dened
as follows. Denote τsi in Υ as τi. If we don't give range for an index then it means
"for all". The generators are S1, · · · , Sn, E1, · · · , En. The relations are
1)S2i = 1; 8)EiwEj = 0 for any word w
2)[SiSj · · · ]mi,j = [SjSi · · · ]mi,j ; omposed from {Si, Sj}If mi,j = 2k > 2;
3)SiEi = Ei = EiSi; 9)Ei[SjSi · · · ]2l−1Ei = (µs + µs ′ )Ei
4)E2i = τiEi; for 1 ≤ l ≤ k, If mi,j = 2k > 2.
5)SiEj = EjSiif mi,j = 2; 10)Ei[SjSi · · · ]2l−1Ei = µsǫEi
6)EiEj = EjEiif mi,j = 2; for 1 ≤ l ≤ k, if mi,j = 2k+ 1;
7)[SjSi · · · ]2k−1Ei = Ei[SjSi · · · ]2k−1 = Ei, Where ǫ = i(j)if lis odd (even) .
if mi,j = 2k > 2; 11)[SiSj · · · ]2kEi = Ej[SiSj · · · ]2kIf mi,j = 2k+ 1.
Remark 8.1. If M is irreduible and of simply laed type , i.e, mi,j ∈ {1, 2, 3}, we an
set all µs = 1 by Lemma 5.3, so above denition oinide with the denition of simply
laed Brauer algebras in [CFW℄. Above denition inludes the ase mi,j =∞: in that
ase there are no other relations between Si, Sj, Ei, Ej exept (1), (3), (4).
Let M be as above. The Artin group AM has the following presentation.
< σ1, σ2, · · · , σn| [σiσj · · · ]mi,j = [σjσi · · · ]mi,j for i 6= j > .
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Here we denote AM as A. Let A
+
be the monoid generated with the same set of generators
and relations. Let J : A+ → A be the natural morphism of of monoids. It is proved that J
is injetive for all Artin groups Garside[Ga] Brieskorn-Saito [BS] Paris [Pa] . The following
theorem is well known.
Theorem 8.2. For any w ∈ G, suppose l(w) = r and let si1 · · · sir and sj1 · · · sjr be two
redued forms of w, then in A+ we have σi1 · · ·σir = σj1 · · · σjr.
So there is a well dened injetive map τ : G→ A+ as follows. For w ∈ G, let si1 · · · sik
be a redued form of w and let τ(w) = σi1 · · ·σik . Denote the natural map from A+ to G
extending σi 7→ si as π. In A+ we denote b ≺ c if there is a ∈ A+ suh that ab = c. This
dene a partial order for A+. Here is an important result in Artin group theory.
Theorem 8.3 ([BS℄, [Ga℄). For a ∈ A+, if σi ≺ a, σj ≺ a, then [· · ·σjσi]mi,j ≺ a.
Now we an prove the following lemma.
Lemma 8.1. Suppose G ats on a set S. Suppose a subset {v1, · · · , vn} ⊂ S satisfy
(1)If mi,j = 2k+ 1, then [sisj · · · ]2k(vi) = vj; (3)If mi,j = 2, then si(vj) = vj;
(2)If mi,j = 2k, then [sisj · · · ]2k−1(vj) = vj; (4)si(vi) = vi.
Then an identity wsiw
−1 = sj in G implies w(vi) = vj.
Proof. We prove it by indution on l(w). When l(w) = 0 it is evident. Suppose the lemma
is true when l(w) < k and suppose we have an identity wsiw
−1 = sj where l(w) = k. If
l(wsi) = l(w) − 1, let w
′
= wsi. Sine w
′
si(w
′
)−1 = wsiw
−1 = sj, by indution we have
w
′
(vi) = vj. Whih implies w(vi) = w
′
(vi) = vj by (4). Now suppose l(wsi) = l(w) + 1.
Let si1 · · · sik be a redued form of w. We have si1 · · · siksi = sjsi1 · · · sik . Beause both sides
of the identity are redued forms, by Theorem 8.2 we have σi1 · · ·σikσi = σjσi1 · · ·σik =
τ(wsi). From the ondition l(wsi) = l(w) + 1 we know ik 6= i, so by Theorem 8.3 we
have [· · ·σikσi]mik,i ≺ τ(wsi). So τ(wsi) = a[· · · σikσi]mik,i for some a ∈ A+. Denote
π(a) as w
′
,and π([· · · σiσik ]mik,i−1) as u. So w = w
′
u. An argument of length shows
l(w
′
) = l(w) − l(u). There is usiu
−1 = sik , and by (1), (2) , (3) we have u(vi) = vik . So
w
′
sik(w
′
)−1 = wsiw
−1 = sj. By indution we have w
′
(vik) = vj whih implies w(vi) =
w
′
u(vi) = vj.
Theorem 8.4. When GM is nite then BGM(Υ)
∼= B
′
GM
(Υ).
The proof is still by onstruting a morphism from B′G(Υ) to BG(Υ) and a morphism
bak, then show they are the inverse of eah other. The following lemma is well-known
Humphreys[Hu].
Lemma 8.2. Suppose G is a nite Coxeter group. Then
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(1) For any i, j, if w ∈ G x Hsi ∩ Hsj point-wise, then w lies in the subgroup
generated by si, sj.
(2) For any two dierent s, s
′ ∈ R, there are w ∈ G, 1 ≤ i < j ≤ n suh that
w(Hs ∩Hs ′ ) = Hsi ∩Hsj. So wsw−1 and ws
′
w−1 lie in the subgroup generated by si and
sj.
Lemma 8.3. Dene a map φ by setting φ(Si) = si ∈ G,φ(Ei) = esi for 1 ≤ i ≤ n, then
φ extends to a morphism from B′G(Υ) to BG(Υ).
Proof. We need to ertify that φ preserves all relations of in Denition 8.2. The fats φ
preserves 1) ∼ 8) and 11) are easy to see. Notie in 9) and 10) only two indies i, j are
involved. So we an use lemma 5.4 and lemma 8.2 to redue these ases to dihedral ases,
whih are proved in Theorem 8.1.
It isn't hard to see that the morphism J from CG to B′G(Υ) by sending si to Si is injetive.
So for w ∈ G we an identify J(w) with w for onveniene. Denote the imbedding image
of R in B′G(Υ) as R
′
. Let E′ = {wEiw−1}w∈G,1≤i≤n, E = {es}s∈R. By denition of B′G(Υ),
the onjugating ation of G on E′ satises onditions in Lemma 8.1. So the map ei 7→ Ei
(1 ≤ i ≤ n) extends uniquely to a G-equivariant surjetive map ϕ : E → E′. Dene a map
ψ : E ∪ R→ E′ ∪ R′ by ψ(es) = ϕ(es), ψ(s) = s. We have the following lemma.
Lemma 8.4. The map ψ extends to a morphism from BG(Υ) to B
′
G(Υ). Still denote it
as ψ.
Proof. We need to show that ψ satises all relations in Denition 5.1. The ases for relation
(0),(1) and (2) is evident. The ase for relation (1)
′
follows from relation (4) of Denition
8.3. Case of relation (3) is by denition of ϕ. For relations (3) to (6), we an redue these
ases by (2) of lemma 8.2 and lemma 5.4 to ases of dihedral groups, whih are proved in
Theorem 8.1.
By denition ψ and φ are apparently the inverse of eah other, so Theorem 8.4 is proved.
8.2 The Cyclotomic G(m, 1, n) cases
Let G be the ylotomi pseudo reetion group of type G(m,1, n). As in BMR[BMR℄, let
V be a n-dimensional omplex linear spae with a positive denite Hermitian metri <,>
, let {v1, · · · , vn} be a orthonormal base. Then G an be imbedded in U(V). It's image
onsists of monomial matries whose nonzero entries are m-th roots of unit. Here we give a
onise desription of some fats of G without proof. Suppose (z1, · · · , zn) is the oordinate
system orresponding to {v1, · · · , vn}. Let ξ = exp(2π
√
−1
m ). For i 6= j, 0 ≤ a ≤ m− 1, dene
Hi,j;a = ker(zi − ξ
azj) = (vi − ξ
avj)
⊥
. Dene Hi = ker(zi) = (vi)
⊥
. Then Hi,j;a = Hj,i;−a.
Let si,j;a ∈ U(V) be the unique reetion xing every points in Hi,j;a. Let si be the
pseudo reetion dened by: si(vi) = ξvi; si(vj) = vj for j 6= i. Then the set A of reetion
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hyperplanes of G is {Hi,j;a}i<j;0≤a≤m−1 ∪ {Hi}1≤i≤n. The set of pseudo reetions R of G is
{si,j;a}i<j;0≤a≤m−1 ∐ (∐m−1k=1 {ski }1≤i≤n).
Above notation gives a deomposition of R into onjugay lasses. Now we have a look
at the algebra BG(Υ). The data Υ essentially onsists of µ, µ1, · · · , µm−1, τ0, τ1. Where
µsi,j;a = µ, µsk
i
= µk; τHi,j;a = τ1, τHi = τ0. As in the real ase, we dene the following
algebra B
′
G(Υ) with anonial presentation.
Definition 8.3. The algebra B
′
G(Υ) is generated by S0, S1, · · · , Sn−1, E0, E1 · · · , En−1 with
the following relations. Where in 15) W is any word omposed from S0, S1.
1)Sm0 = S
2
i = id(1 ≤ i ≤ n − 1); 2)S0S1S0S1 = S1S0S1S0;
3)SiSj = SjSi(| i− j |≥ 2); 4)SiSi+1Si = Si+1SiSi+1(1 ≤ i ≤ n− 2);
5)E20 = τ0E0; 6)E
2
i = τ1Ei(1 ≤ i ≤ n− 1);
7)S1S0S1E0 = E0S1S0S1 = E0; 8)SiSi+1Ei = Ei+1SiSi+1(1 ≤ i ≤ n− 2)
9)SiEj = EjSi(| i− j |≥ 2); 10)(S0)iS1(S0)i(E1) = E1(S0)iS1(S0)i(0 ≤ i ≤ m− 1);
11)SiEi = Ei = EiSi(0 ≤ i ≤ n − 1); 12)E1Si0E1 = µiE1(0 ≤ i ≤ m− 1)
13)E0S1E0 = (m − 1)µE0; 14)EiEj = EjEi(|i − j| ≥ 2);
15)E0WE1 = E1WE0 = 0; 16)EiEi+1 = µSiSi+1SiEi+1(1 ≤ i ≤ n − 2).
Theorem 8.5. The algebra B
′
G(Υ) is isomorphi to BG(Υ).
Proof. The strategy of proof of this theorem is the same as for the real ase. We onstrut
a morphism Φ from B
′
G(Υ) to BG(Υ) and a morphism Ψ in reverse diretion. The morphism
Φ is onstruted by setting Φ(S0) = s1;Φ(Si) = si,i+1;0 for i ≥ 1;Φ(E0) = e1;Φ(Ei) =
ei,i+1,0 for i ≥ 1. It isn't hard to ertify that Φ satisfying all relations in Denition 8.3, so
Φ an extend to a morphism. To dene Ψ, the main step is still the denition of Ψ(ei) and
Ψ(ei,j;a). The following lemma shows there are well dened elements Fi's and Fi,j;a's suh
that if we set Ψ(w) = w,Ψ(ei) = Fi, Ψ(ei,j;a) = Fi,j;a, Then Ψ an extend to a morphism from
BG(Υ) to B
′
G(Υ) by ertifying that it all relations in Denition 1.1. The proof is almost the
same as in proof of Theorem 8.5 so we skip it.
Construction of Fi and Fi,j;a The following lemma is similar to Lemma 8.1.
Lemma 8.5. Let G be the pseudo reetion group of type G(m,1, n). Suppose G ats
on a set S and suppose there is a subset {v0, v1, · · · , vn−1} ⊂ S suh that:
(1)(S0)
iS1(S0)
i(v1) = v1 for any i; (2)S1(S0)
iS1(v0) = v0 for any i,
(3)Si(vj) = vj if | i− j |≥ 2, (4)SiSi+1(vi) = vi+1 for i ≥ 1,
(5)SiSi−1(vi) = vi−1 for i ≥ 2, (6)Si(vi) = vi.
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Then the identity w(Hi) = Hj implies w(vi) = vj, where w ∈ G, and Si's are generators
of G as in Proposition 8.1. For onveniene here we denote H1 as H0, Hi,i+1;0 as Hi
for i ≥ 2.
Proof. In this ase instead of using Artin monoid we prove it by diret omputation. Let
vi = Si−1 · · · S1(v0) for 1 ≤ i ≤ n; vai,j = (Sj−1 · · · S1S0S1 · · · Sj−1)aSj−1 · · · Si+1(vi) for i < j−1;
vai,i+1 = (Si · · · S0 · · · Si)a(vi). The following identities show that the set {vi}1≤i≤n∪ {vai,j}i<j is
losed under the ation of G, and the map J : A→ {vi}1≤i≤n∪{vai,j}i<j : Hi,j;a 7→ vai,j; Hi 7→ vi
is G equivariant. Thus the lemma is proved.
(a) S0(vi) = Si−1 · · · S2S0S1(v0) = Si−1 · · · S2S1 · S1S0S1(v0) = Si−1 · · · S2S1(v0) = vi.
(b)S0(v
a
1,i) = S0(Si−1 · · · S0 · · · Si−1)aSi−1 · · · S2(v1) = (Si−1 · · · S0 · · · Si−1)aSi−1 · · · S2S0(v1)
= (Si−1 · · · S0 · · · Si−1)a−1Si−1 · · · S1S0S1S0(v1) = (Si−1 · · · S0 · · · Si−1)a−1Si−1 · · · S2(v1)
= va−11,i .
() If i ≥ 2, S0(vai,j) = S0(Sj−1 · · · S1S0S1 · · · Sj−1)aSj−1 · · · Si+1(vi)
= (Sj−1 · · · S1S0S1 · · · Sj−1)aSj−1 · · · Si+1S0(vi) = vai,j.
(d) For i ≥ 1. Si(vi) = SiSi−1 · · · S1(v0) = vi+1.
(e) Si(vi+1) = vi for i ≥ 1. (Equivalent to (d) )
(f) Si(vj) = vj if i 6= 0 and j 6= i, i+ 1.
j 6= i, i+ 1⇔ i > j or i < j− 1. If i > j then Si(vj) = SiSj−1 · · · S1(v0)
= Sj−1 · · · S1Si(v0) = vj; If i < j − 1 then Si(vj) = SiSj−1 · · · S1(v0)
= Sj−1 · · · SiSi+1Si · · · S1(v0) = Sj−1 · · · Si+1SiSi+1 · · · S1(v0)
= Sj−1 · · · S1Si+1(v0) = vj.
(g) Si(v
a
i,l) = v
a
i+1,l if l ≥ i+ 2.
First we have
Si(Sl−1 · · · S0 · · · Sl−1) = Sl−1 · · · SiSi+1Si · · · S0 · · · Sl−1
= Sl−1 · · · Si+1SiSi+1 · · · S0 · · · Sl−1 = Sl−1 · · · S0 · · · Si+1SiSi+1 · · · Sl−1
= (Sl−1 · · · S0 · · · Sl−1)Si.
So
Si(v
a
i,l) = Si(Sl−1 · · · S0 · · · Sl−1)aSl−1 · · · Si+1(vi) = (Sl−1 · · · S0 · · · Sl−1)aSiSl−1 · · · Si+1(vi)
= (Sl−1 · · · S0 · · · Sl−1)aSl−1 · · · Si+2SiSi+1(vi)
= (Sl−1 · · · S0 · · · Sl−1)aSl−1 · · · Si+2(vi+1) = vai+1,l.
(h) Si(v
a
l,i) = v
a
l,i+1 for l < i.
Si(v
a
l,i) = Si(Si−1 · · · S0 · · · Si−1)aSi−1 · · · Sl+1(vl)
= (Si · · · S0 · · · Si)aSiSi−1 · · · Sl+1(vl) = val,i+1.
(i) Si(v
a
k,l) = v
a
k,l if {k, l} ∩ {i, i+ 1} = ∅.
Si(v
a
k,l) = Si(Sl−1 · · · S0 · · · Sl−1)aSl−1 · · · Sk+1(vk)
Let E
′
= {wEiw
−1}w∈G,0≤i≤n−1. G ats on E
′
by onjugation. This ation satises
the onditions of Lemma 8.5 if let {E0, E1, · · · , En−1} to be {v0, v1, · · · , vn−1} in the lemma.
By this lemma there is an unique G-equivariant map F: A → E ′ suh that F(H1) = E0,
F(Hi,i+1;0) = Ei for 1 ≤ i ≤ n − 1. Dene Fi = F(Hi) for 1 ≤ i ≤ n, and Fi,j;a = F(Hi,j;a).
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By omparing Denition 2.1 (of the ylotomi Brauer algebra ) with Denition 8.3, we
have the following theorem.
Theorem 8.6. In the data Υ if µ = 1, µa = σa (1 ≤ a ≤ m− 1) and σ0 = τ1, then
(1) Set a map Φ by : Si 7→ si (1 ≤ i ≤ n−1), S0 7→ t1, Ei 7→ ei (1 ≤ i ≤ n−1), E0 7→ 0,
then Φ extends to a surjetive morphism from B
′
G(Υ) to Bm,n(δ) and kerΦ =< E0 >,
the idea generated by E0.
(2) Set a map Ψ by : si 7→ Si (1 ≤ i ≤ n− 1), ti 7→ Si−1 · · · S1t1S1 · · · Si−1 (1 ≤ i ≤ n),
ei 7→ Ei (1 ≤ i ≤ n − 1), then Ψ extends to an morphism from Bm,n(δ) to B ′G(Υ). We
have Φ ◦ Ψ = id, so B ′G(Υ) ∼= Bm,n(δ)⊕ < E0 >.
9 Conclusions
If we take o the relation (1)
′
in Denition 1.1, we obtain an algebra bigger than BG(Υ).
Denote this algebra as
BG(Υ). It is easy to see BG(Υ) oinide with BG(Υ) if G is a simply
laed Coxeter group. The algebra
BG(Υ) also satisfy hypothesis 1 and 2 in Setion 1. We
an prove
BG(Υ) is nite dimensional if G is a nite group. In general, BG(Υ) has BG(Υ) as
a genuine quotient, thus ontain more irreduible representations.
We an ask the following questions. If BG(Υ) are ellular, or generially semisimple, or
have invariant dimension for any nite G? Does BG(Υ) has aÆne ellular struture in the
sense of Konig and Xi [KX℄ when G is an aÆne Coxeter group? How to deform BG(Υ) by
using the assoiated KZ onnetion?
In [CGW1℄ the authors mentioned the perspetive of appliation of generalized BMW
algebras in representation theory. Beside of it we'd like to mention that through analysis
those Brauer type algebras we an obtain some new at G−invariant onnetions on the
omplementary spaesMG, thus obtain some new representations of the orresponding Artin
group or omplex braid group, just as the ase of H3 type. In the same time by solving the
equations of at setions we would enounter with some new fuhs equations on MG and
some new hypergeometri type funtions.
References
[AK℄ S.Ariki, K.Koike , A Heke algebra of (Z/rZ) ≀ Sn and onstrution of its irreduible repre-
sentations, Adv.Math 106(1994) , 216-243 .
[BW℄ J.S.Birman, H.Wenzl , Braids, link polynomials and a new algebra, Tran. Amer.Math.
So 313(1989) , 249-273 .
[Br℄ R.Brauer , On algebras whih are onneted with semisimple ontinuous groups, Ann.Math
38 (1937) ,854-872 .
[BMR℄ M.Brou

e , G.Malle, and R.Rouquier , Complex reetion groups, braid groups, Heke
algebras J.reine angew.Math 500 (1998) ,127-190 .
36
[BS℄ E.Brieskorn, K.Saito , Artin-Gruppen und Coxeter-Gruppen, Invent.Math 17 (1972)
,245-271 .
[Bi℄ S.Bigelow , Braid groups are linear, J.Am.Math.So. 14 (2001) , 471-486 .
[Che℄ I.Cherednik , Calulations of the monodromy of some W-invariant loal systems of type B,C
and D, Funt. Anal.Appl. 24(1990) , 78-79 .
[CW℄ A.M.Cohen, D.B.Wales , Linearity of Artin groups of nite type, Israel Journal of Math-
ematis131(2002), 101-123
[CFW℄ A.M. Cohen, B. Frenk, D.B. Wales , Brauer algebras of simply laed type , Israel
Journal of Mathematis 173 no.1, (2009),335-365 .
[CGW1℄ A.M.Cohen, D.A.H.Gijsbers, D.B.Wales , BMW algebras of simply laed type, Jour-
nal of Algebra 286 (2005) ,107-153 .
[C℄ H.S.M.Coxeter , Finite groups generated by unitary reetions, Abh.
math.Sem.Univ.Hamburg 31 (1967) ,125-135 .
[Di℄ F.Digne , On the linearity of Artin braid groups, J.Algebra 268 (2003),39-57.
[Go℄ FM. Goodman , Cellularity of ylotomi Birman-Murakami-Wenzl algebras , Journal of
Algebra 321 (2009),no.11,3299-3320 .
[GH℄ FM.Goodman, HM.Haushild , AÆne Birman-Wenzl-Murakami algebras and tangles in the
solid torus , Arxiv preprint math/0411155 .
[Ga℄ F.A.Garside , The braid groups and other groups, Quart.J.Math.Oxford,2 Ser.20(1969),
235-254.
[GL℄ J.J.Graham, G.I.Lehrer , Cellular algebras, Invent.Math 123 (1996) , 1-34 .
[KX℄ S.Koenig, C. Xi , AÆne Cellular algebras, preprints.
[Kr℄ D.Krammer , Braid groups are linear, Annals of Math. 155 (2002) , 131-156 .
[Ha℄ R.H

aring-Oldenberg , Cylotomi Birman-Murakami-Wenzl algebras, Journal of Pure and
applied algebras161(2001),113-144
[Hu℄ J.Humphreys , Reetion groups and Coxeter groups, Cambridge studies in adv. math 29,
(1992)
[J℄ V.Jones , Heke algebra representations of braid groups and link polynomials Ann.Math
126(1987) ,335-388 .
[Ko1℄ T.Kohno , Monodromy representations of braid groups and Yang-Baxter equations
Ann.Inst.Fourier 37 (1987) , 139-160 .
[Ko2℄ T.Kohno , Homology of a loal system on the omplement of hyperplanes Pro. Jap
Aad.Ser.A62 (1986),144-147.
[Ma1℄ I.Marin , Quotients innitesimaux du groupe de tresses ,Ann.Inst.Fourier,Grenoble 53
No.5, (2003) , 1323-1364 .
[Ma2℄ I.Marin , Krammer representations for omplex braid groups, arXiv:0711.3096v1 (2007).
[Ma3℄ I.Marin , Sur les reprsentations de Krammer gnriques.Ann. Inst. Fourier, Grenoble 57 no.
6, (2007),1883-1925.
37
[Mu℄ J.Murakami ,The Kauman polynomial of links and representation theory, Osaka J.Math
24 (1987) ,745-758 .
[Pa℄ L.Paris ,Artin monoids injet in their groups , Commentarii Mathematii Helvetii 77 no.3
, (2002),609-637 .
[RH℄ H.Rui A riterion on semisimple Brauer algebras, J.Comb.Theory (A) 111 (2005), 78-88.
[RX℄ H.Rui, J.Xu , On the semisimpliity of the ylotomi brauer algebras ii Journal of algebra
312 issue 2, (2007),995-1010.
[ST℄ G.C.Shephard and J.A.Todd , Finite unitary reetion groups, Canad. J. Math 6
,(1954),274-304.
[W℄ H. Wenzl , On the struture of Brauer's entralizer algebras, Ann.Math ,2nd Ser, 128 (1988)
,173-193 .
[Xi1℄ C. Xi , Cellular algebras, Advaned shool and onferene on representation theory and
related topis (2006) .
[Xi2℄ C. Xi , On the Quasi-Heredity of Birman-Wenzl Algebras , Advanes in Mathematis 154
, Issue 2, (2000), 280-298 .
[Yu℄ SH. Yu ,The Cylotomi BMW algebras , arXiv:0810.0069v1 .
[Z℄ M.Zinno ,On Krammer's representations of the braid groups, Math.Ann. 321 , (2001), 197-
211.
Department of Mathematis
University of Siene and Tehnology of China
Hefei 230026 China
E-mail addresses: Zhi Chen (zzzchen@ustc.edu.cn).
38
